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This  research  project  examined  the  effect  of  two  different  technological  curricula 
on  students'  understanding  of  the  concept  of  function.  Treatment  Group  I  used  a  text- 
based,  graphing  calculator  curriculum.  Treatment  Group  II  used  a  computer-based, 
graphing  calculator  curriculum.  Treatment  Group  I  participated  in  graphing  calculator 
activities  related  to  the  domain  and  range  of  functions  that  were  designed  to  promote 
conceptual  change  via  cognitive  conflict.  Because  Treatment  Group  I  instruction  was 
predominately  lecture  and  Treatment  Group  II  used  self-paced  computer  software,  the 
research  also  explored  the  effect  of  students'  preferred  amount  of  instruction  on  their 
understanding  of  the  concept  of  function. 

The  research  sample  included  281  students  in  10  college  algebra  classes  with  five 
classes  per  treatment  group.  Function  understanding  was  measured  in  terms  of  students' 
ability  to  apply  domain/range  concepts  and  their  ability  to  identify,  define,  translate, 
model,  and  reify  functions.  Based  on  posttest  group  means,  neither  students'  preferred 

xii 


amount  of  instruction  nor  the  interaction  of  students'  preferred  amount  of  instruction  with 
the  technological  curriculum  had  a  significant  effect  on  their  understanding  of  the 
concept  of  function. 

The  text,  graphing  calculator  group  demonstrated  a  significantly  stronger 
understanding  of  the  function  concept  than  the  computer,  graphing  calculator  group  in 
terms  of  their  application  of  domain/range  concepts  and  their  ability  to  identify,  define, 
and  translate  functions.  The  abilities  to  apply  the  domain/range  concepts  and  translate 
between  algebraic  and  graphical  representations  were  the  major  sources  of  their  better 
understanding. 

An  analysis  of  the  posttests  for  both  treatment  groups  revealed  difficulties. 
Students  had  difficulty  (a)  considering  the  domain  when  translating  between  algebraic 
and  graphical  representations,  (b)  determining  the  range  of  a  function  in  its  algebraic  and 
graphical  representations,  and  (c)  identifying  whether  or  not  algebraic  formulas  and 
written  descriptions  of  relationships  represent  functions. 

Students  demonstrated  a  limited  concept  image  of  function.  The  majority  of 
students'  concept  image  of  function  did  not  include  the  definition  of  function.  Students' 
strongest  concept  image  of  function  was  that  a  function  is  an  equation.  When 
considering  a  graphical  representation,  students  demonstrated  a  concept  image  of 
function  in  terms  of  the  vertical  line  test  and  continuity. 
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CHAPTER  1 
DESCRIPTION  OF  THE  STUDY 


Introduction 


The  concept  of  function  is  an  essential  part  of  the  algebra  curriculum  and  is  one  of 
the  most  important  concepts  in  all  of  mathematics  (O'Callaghan,  1998).  According  to 
Eisenberg  and  Dreyfus  (1994),  "having  a  sense  for  number  and  having  a  sense  for 
functions  are  among  the  most  important  facets  of  mathematical  thinking"  (p.  45).  The 
National  Council  of  Teachers  of  Mathematics  (NCTMJ  suggested  that  the  concept  of 
function  is  a  "foundational  idea"  that  "should  have  a  prominent  place  in  the  mathematics 
curriculum  because  [it  enables]  students  to  understand  other  mathematical  ideas  and 
connect  ideas  across  different  areas  of  mathematics"  (NCTM,  2000,  p.  15).  One  of  the 
main  reasons  that  students  have  difficulty  with  calculus  is  due  to  a  weak  conceptual 
understanding  of  the  function  concept  (Harel  &  Trgalova,  1996;  Orton,  1983;  Pinzka, 
1999;  Seldenetal.,  1994). 

In  Crossroads  in  Mathematics:  Standards  for  Introductory  College  Mathematics 
before  Calculus,  the  American  Mathematical  Association  of  Two- Year  Colleges 
(AMATYC)  stresses  the  importance  of  the  function  concept  in  mathematics  education  by 
including  a  standard  focused  on  functions.  The  College  Standards  content  standard  C-4 
states  that  "students  will  demonstrate  understanding  of  the  concept  of  function  by  several 
means  (verbally,  numerically,  graphically,  and  symbolically)  and  incorporate  it  as  a 
central  theme  into  their  use  of  mathematics"  (AMATYC,  1995,  p.  13). 
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The  concept  of  function  as  it  is  known  today  has  explicitly  emerged  and  evolved 
over  the  past  300  years  (Kleiner,  1989).  The  calculus  of  Newton  and  Liebniz  at  the  turn 
of  the  18th  century  included  the  view  of  a  function  as  a  geometric  curve  (graph),  while 
later  in  the  1 8th  century  Euler  viewed  a  function  as  an  algebraic  expression.  The 
definition  of  function  plays  a  vital  role  in  the  mathematical  community  (Tall  &  Vinner, 
1981;  Vinner,  1976).  This  research  study  uses  the  Dirichlet-Bourbaki  definition  of 
function:  a.  function  is  a  relationship  between  two  sets  A  and  B  that  assigns  to  each 
element  x  in  set  A,  called  the  domain,  exactly  one  element  y  in  set  B,  called  the  range 
(Barros-Neto,  1988;  Larson  &  Hostetler,  1997). 

The  domain  and  range  components  of  function  play  a  central  role  in  the  definition 
and  concept  of  function  (Adams,  1997;  Hamley,  1934;  Markovits  et  al.,  1988).  This 
research  study  focuses  primarily  on  these  components  of  the  function  concept.  The 
domain  contains  the  elements  on  which  the  function  operates.  The  range  contains  the 
elements  that  result  from  the  function's  operation.  To  represent  a  function  graphically, 
whether  on  paper  or  via  technological  graphing  utilities,  one  must  have  an  understanding 
of  the  domain  and  range.  The  horizontal  axis,  called  the  x-axis,  of  the  two-dimensional 
graph  reflects  the  elements  of  the  domain.  The  vertical  axis,  called  the  y-axis,  of  the 
graph  reflects  the  elements  of  the  range. 

Students  must  understand  the  domain  to  obtain  graphs  of  functions  (Caldwell, 
1995;  Markovits  et  al.,  1988).  In  order  to  obtain  the  x-axis  elements  of  a  graph,  students 
must  properly  choose  elements  on  which  the  function  operates  (domain).  Students  then 
use  the  function  to  assign  each  of  the  chosen  domain  elements  an  element  in  the  range  to 
obtain  y-axis  elements  of  the  graph.  When  graphing  on  paper,  the  learner  performs  this 


function  assignment  one-by-one  as  each  individual  domain  element  yields  one  range 
element.  Individual  points  are  then  plotted  on  paper.  When  the  learner  uses  a 
technological  graphing  utility,  however,  the  graphing  utility  performs  all  of  the  function 
assignments  and  displays  the  entire  graph  (all  plotted  points)  at  once.  In  order  for  the 
graph  to  properly  display  on  the  graphing  utility,  the  learner  must  first  hypothesize  about 
the  range,  the  results  of  the  function's  operation. 

Students  who  lack  an  understanding  of  the  domain  demonstrate  limited 
knowledge  of  the  function  concept  because  they  do  not  understand  the  function  well 
enough  to  understand  the  elements  on  which  it  operates  (Slavit,  1994;  Tuska,  1992). 
Learner  Abilities  Related  to  the  Function  Concept 

The  Dirichlet-Bourbaki  definition  of  function  is  very  abstract  and  allows  a 

function  to  be  represented  in  a  variety  of  ways.  This  research  study  will  focus  on  the 

■ 

algebraic  and  graphical  representations  of  functions.  In  addition,  this  research  will 
include  the  following  four  learner  abilities  related  to  function  representations  that  are 
essential  for  students  to  understand  the  concept  of  function:  (a)  identification,  (b) 
translation,  (c)  construction  of  a  model,  and  (d)  reification.  First,  a  student's  ability  to 
identify  an  algebraic  or  graphical  representation  as  a  function  or  non-function  indicates 
his/her  mental  image  of  what  a  function  represents.  If  a  student  has  a  limited  perspective 
of  what  represents  functions,  this  limitation  can  hinder  problem-solving  abilities  as  well 
as  teacher-student  communication  (Vinner  &  Dreyfus,  1989).  When  considering  a 
graphical  representation,  one  typically  uses  the  vertical  line  test  to  determine  whether  or 
not  a  graph  represents  a  function.  If  any  vertical  line  hits  (intersects)  the  graph  more  than 
once,  then  the  graph  does  not  represent  a  function. 


Secondly,  a  student's  ability  to  translate  from  one  representation  of  a  function 
(such  as  a  graph)  to  another  representation  of  the  function  (such  as  an  algebraic 
expression)  and  to  develop  strong  connections  between  these  different  representations  is 
important  (AMATYC,  1995;  Eisenberg,  1992;  Kaput,  1989;  Moschkovich  et  al.,  1993; 
NCTM,  2000).  If  a  student  can  only  problem-solve  in  one  representation,  then  his/her 
problem-solving  abilities  are  limited. 

Thirdly,  a  student's  ability  to  construct  a  model  refers  to  his/her  ability  to 
represent  a  real-life  situation  using  a  function  representation  (O'Callaghan,  1998). 
Typically,  students  must  translate  a  verbal  or  written  description  of  a  problem  situation 
into  a  graph  or  algebraic  expression.  Kaput  (1989)  considered  translations  between 
mathematical  representations  and  non-mathematical  representations  as  one  of  four 
sources  of  meaning  in  mathematics.  Connecting  the  mathematical  system  to  the  non- 
mathematical  system  leads  to  deeper  understanding  of  the  concept  (NCTM,  2000).  In 
addition,  the  need  for  mathematical  concepts  in  society  is  one  of  the  main  reasons  for 
providing  mathematics  instruction.  A  student  who  cannot  place  the  concept  of  function 
beyond  the  mathematics  classroom  demonstrates  a  limited  understanding  of  the  concept 
and  will  have  limited  problem-solving  abilities. 

Fourthly,  a  student's  ability  to  reify  is  important  (Kaput,  1989;  O'Callaghan, 
1998;  Sfard,  1991).  Reification  refers  to  mentally  seeing  what  was  formerly  viewed  as  a 
process  or  procedure  as  an  object  that  can  have  operations  performed  upon  it 
(O'Callaghan,  1998;  Sfard,  1991).  New  mathematical  objects  are  the  outcomes  of 
reification  (Sfard  &  Linchevski,  1994).  Prior  to  reification,  one  views  a  function  simply 
as  a  process  that  is  performed  on  mathematical  objects,  such  as  numbers.  An  example  of 


the  process  view  of  function  is  evaluating  the  function  y  »  4x2  for  the  number  x  =  3  to  get 
the  number  y  =  4(3)(3)  =  36  (Sfard,  1991;  Sfard  &  Linchevski,  1994).  When  one  views 
the  function  represented  by  y  =  4x2  as  an  object  in  its  own  right,  then  one  can  perform 
processes  on  the  function  itself.  These  processes  include,  for  example,  composition  of 
functions  in  algebra  and  differentiation  and  integration  of  functions  in  calculus. 
Technology 

The  function  concept  is  taught  at  different  levels  of  understanding  from 
kindergarten  to  graduate  level  courses  in  mathematics.  This  research  study  focuses  on  the 
function  concept  within  college  algebra  courses  that  are  taught  with  technology. 

The  advancement  of  technology  and  the  reduction  in  cost  of  computing  power  are 
major  forces  in  society  that  are  shaping  the  future  of  mathematics  education  (AMATYC, 
1995;  Heid,  1997;  NCTM,  2000;  Ornstein  &  Hunkins,  1998).  Technological  tools  are 
influencing  both  what  is  taught  and  how  teaching  occurs.  The  NCTM  Standards  (2000) 
includes  technology  as  one  of  six  principles  for  school  mathematics  and  supports  the  use 
of  technology  as  "essential  in  teaching  and  learning  mathematics"  (NCTM,  2000,  p.  1 1). 

College  algebra  is  an  introductory  college  mathematics  course  that  provides  the 
necessary  algebraic  skills  and  understanding  of  functions  that  are  necessary  for  future 
success  in  subsequent  college  mathematics  courses.  Students  learn  to  treat  functions  as 
objects  and  to  formally  reason  about  operations  on  sets  of  functions  in  college  algebra 
and  precalculus  courses  prior  to  calculus  (Thompson,  1994).  According  to  the  College 
Standards,  "Today,  introductory  college  mathematics  plays  a  critical  role  in  so  many 
professions  that  improving  instruction  at  this  level  is  essential  for  our  nation's  vitality" 
(AMATYC,  1995,  p.  69). 


Some  institutions  are  trying  instructional  methods  that  are  alternatives  to  the 
traditional  textbook  approach  in  college  algebra.  Technology  has  provided  both  an 
impetus  and  a  vehicle  for  instructional  change.  The  College  Standards  states  that 
computers,  graphing  calculators,  and  software  "should  be  fully  utilized  in  college 
classrooms"  (AMATYC,  1995,  p.  55)  in  order  to  enhance  learning.  The  availability  and 
use  of  computers  and  graphing  calculators  now  play  a  major  role  in  the  teaching  and 
learning  of  college  algebra. 

The  function  graphing  utility  is  one  of  the  most  important  tools  so  far  in 
reformulating  algebra.  Whether  the  graphing  tool  is  on  a  mainframe  computer,  personal 
computer,  or  graphing  calculator,  its  use  influences  the  algebra  curriculum  (a)  by 
allowing  quick  visualization  of  relationships,  (b)  by  allowing  for  the  solution  of  equations 
and  inequalities  that  are  not  possible  through  algebraic  manipulation,  (c)  by  allowing 
numerical  and  graphical  solutions  to  support  algebraic  solutions,  (d)  by  promoting 
exploration  and  understanding  in  terms  of  how  a  change  in  one  representation  affects 
another  representation,  and  (e)  by  promoting  modeling  of  realistic  situations  (Heid, 
1995). 

According  to  Tall  (1996),  understanding  begins  with  actions  performed  by  the 
learner.  A  graphing  utility  can  promote  this  active  learning  on  two  levels.  First,  the 
graphing  utility  provides  a  tool  with  which  a  learner  can  obtain  graphs  without  relying  on 
a  teacher.  Secondly,  in  order  to  obtain  a  graph  of  a  function,  the  learner  must  go  through 
an  active  process.  The  learner  must  first  put  the  algebraic  expression  in  a  form  that  is 
acceptable  to  the  graphing  utility,  typically  "y  ="  form  (Ruthven,  1996).  The  learner 
must  then  correctly  enter  the  algebraic  representation  of  the  function  into  the  graphing 


utility.  Then,  the  learner  must  choose  and  enter  the  domain  and  range  for  the  two- 
dimensional  graph  or  accept  the  default  values  established  by  the  program.  This  can 
yield  misleading  graphical  representations  of  the  algebraic  expression.  According  to 
Ruthven  (1996),  the  learner  will  "develop  strategies  to  recognize  when  this  has  happened 
and  to  guide  the  selection  of  an  appropriate  change  of  [domain  and]  range"  (p.  452). 
Once  a  graph  is  obtained,  the  zoom  feature  of  a  graphing  utility  allows  the  learner  to 
magnify,  or  zoom  in  on,  particular  portions  of  the  graph.  When  the  learner  uses  the  zoom 
feature,  he/she  is  modifying  the  previously-entered  domain  and  range  values.  By 
combining  the  use  of  the  zoom  feature  with  the  trace  feature,  which  allows  the  learner  to 
determine  a  particular  point  on  the  graph,  the  learner  can  determine  key  features  of  the 
graph  such  as  x-intercepts,  where  the  graph  of  the  function  crosses  the  x-axis. 

Through  the  active  process  of  finding  an  appropriate  domain  and  range  for 
viewing  the  graph  and  using  zoom  and  trace  features  for  exploring  the  graph,  students  are 
expected  to  obtain  a  better  understanding  of  domain  and  range  (Ruthven,  1 996).  The 
availability  of  technology  and  the  importance  of  multiple  representations  have  also 
elevated  the  importance  of  domain  and  range  in  the  mathematics  curriculum  (Demana  & 
Waits,  1990).  A  student's  lack  of  understanding  of  domain  and  range  can  lead  to 
misconceptions  concerning  the  graph  (Balacheff  &  Kaput,  1996;  Ruthven,  1996).  For 
example,  the  parabolic  function  f(x)  =  x2-15x+30  looks  like  a  steep  diagonal  line  if  the 
student  chooses  the  "standard"  graphing  calculator  window  -10  <  x  <  10  and  -10  <  y  <  10 
for  graphing. 

Students  can  display  and  explore  multiple  representations  of  functions  on 
graphing  utilities.  They  can  also  translate  one  representation  (table,  graph,  algebraic 
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expression)  of  a  function  to  another  on  the  graphing  utility.  Although  students  can 
perform  translations  by  hand  using  paper  and  pencil,  this  process  is  very  time  consuming. 
When  students  have  the  ability  to  quickly  and  efficiently  translate  between 
representations,  they  may  better  understand  how  to  translate  representations  (Norris, 
1994;  Slavit,  1994)  and  be  able  to  build  stronger  connections  between  representations 
(Chandler,  1992;  Ruthven,  1990). 

In  addition,  graphing  utilities  may  promote  the  object  view  of  functions 
(reification)  by  providing  graphs  that  can  be  viewed  and  manipulated  (Balacheff  & 
Kaput,  1996;  Slavit,  1994).  For  example,  one  can  enter  an  algebraic  expression  such  as  y 
=  x2  in  a  graphing  utility  to  obtain  the  graph.  Then,  by  changing  x2  to  x2  +  1,  the  learner 
can  see  that  the  original  graph  was  moved  up  one  unit.  Graphing  utilities  are  able  to 
provide  objects  (the  original  graph)  on  which  to  operate  as  well  as  provide  the  results  (the 
new  graph)  of  those  operations  quickly  and  efficiently  so  that  the  learner  can  focus 
his/her  attention  on  what  happened  to  the  entire  graph,  thereby  promoting  the  object  view 
of  function  (reification). 

Students  can  use  both  computer  software  and  graphing  calculators  as  graphing 
utilities.  The  technology  must  be  readily  available  to  students  for  its  use  to  be  appropriate 
(Ruthven,  1996).  A  graphing  calculator  is  portable  and  inexpensive,  which  makes  it 
convenient  for  students  to  use  (Wilson  &  Krapfl,  1994). 

Computer  software  allows  for  audio/visual  presentation,  interactive  feedback  and 
response,  and  dynamic/interactive  manipulation  of  functions.  An  instructor  can 
implement  an  entire  course  on  the  computer  with  computer  software.  With  computer 
software,  students  can  progress  through  the  material  at  their  own  pace,  slowing  down  for 


difficult  material  and  speeding  up  for  easier  material.  Research  by  Tennyson  et  al. 
suggests  that  college  students  benefit  when  allowed  to  control  elements  of  their 
instruction  (as  cited  in  Hannafin  &  Sullivan,  1996).  In  addition,  Hannafin  and  Scott 
(1998)  have  found  that  the  amount  of  instruction  which  students  prefer  when  learning 
something  new  in  a  computer  software  environment  affects  their  conceptual 
understanding.  By  structuring  the  course  so  students  use  the  software  during  class 
sessions,  the  teacher's  role  changes  from  the  traditional  college  lecturer.  He  or  she  can 
now  facilitate  learning  on  an  individual  basis  during  class  by  assessing  an  individual 
student's  current  knowledge  via  verbal  interviews;  asking  guiding  questions;  encouraging 
reflection  upon  what  is  being  learned,  and  why/how  it  is  being  learned;  helping  students 
connect  new  material  with  what  they  already  know;  and  urging  students  to  communicate 
their  knowledge  in  a  variety  of  ways,  including  verbally  (Stark  &  Lattuca,  1997). 

Statement  of  the  Problem 

College  students  have  great  difficulty  understanding  the  concept  of  function 
(Eisenberg,  1992).  The  lack  of  understanding  of  domain  and  range  plays  a  major  role  in 
the  weak  understanding  of  the  function  concept.  In  fact,  Markovits  et  al.  (1988)  found 
that  algebra  students  tend  to  ignore  the  domain  and  range  of  a  function.  Students  have 
also  been  found  to  have  difficulty  translating  between  representations  of  functions 
(Eisenberg,  1992;  Markovits  et  al.,  1988).  Their  lack  of  understanding  of  domain  and 
range  has  been  found  to  contribute  to  their  problems  with  translation  (Adams,  1997; 
Caldwell,  1995). 

Students  have  difficulty  understanding  what  constitutes  a  function  and  what  does 
not  (Vinner,  1983).  In  addition,  they  do  not  tend  to  use  the  mathematical  definition  of 
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function  when  problem-solving  (Adams,  1997;  Vinner,  1983).  Students  have  trouble 
finding  a  mathematical  model  (representation)  of  real-life  situations  (Carlson,  1998). 
Furthermore,  students  struggle  with  the  ability  to  reify  and  view  a  function  as  a 
mathematical  object  (Breidenbach  et  al.,  1992;  O'Callaghan,  1998;  Sfard,  1992;  Sfard  & 
Linchevski,  1994). 

Most  research  on  technology  compares  a  "traditional"  group  of  students  who  does 
not  use  technology  with  an  experimental  group  who  does  use  technology  (Dunham  & 
Dick,  1994).  The  traditional,  non-technology  group  represents  the  current  method  of 
instruction.  The  expanding  role  of  technology  in  the  college  mathematics  curriculum, 
however,  is  quickly  changing  the  notion  of  "traditional."    The  traditional  classroom  is 
quickly  becoming  a  classroom  with  technology. 

The  purpose  of  this  study  is  to  examine  the  effects  of  two  different  technological 
environments  that  use  graphing  calculators  on  students'  understanding  of  the  function 
concept  in  college  algebra  as  represented  by  their  understanding  of  domain  and  range  as 
well  as  their  ability  to  identify,  define,  translate,  model,  and  reify  functions.  One 
environment  includes  a  text-based  course  with  the  use  of  graphing  calculators  integrated 
throughout  the  course  while  the  other  environment  includes  delivery  of  instructional 
material  via  computer  software  that  also  uses  graphing  calculators. 

The  purpose  of  this  research  is  to  answer  the  following  questions: 

1 .  How  does  differing  technology  use  affect  student  understanding  of  the 
concept  of  function? 

2.  How  does  the  amount  of  instruction  that  a  student  prefers  interact  with  the 
different  technologies  used  to  affect  understanding  of  the  function  concept? 


11 

3.    Which  technology,  computers  or  graphing  calculators,  do  students  perceive  as 

being  most  beneficial  for  enhancing  their  mathematical  learning? 
In  order  to  address  the  research  questions,  the  following  null  hypotheses  will  be 
tested: 

1 .  A  text-based,  graphing  calculator  (TGC)  curriculum  and  a  computer-based, 
graphing  calculator  (CGC)  curriculum  will  have  the  same  effect  on  students' 
understanding  of  the  concept  of  function  in  terms  of  the  following  function 
components:  (a)  application  of  domain  and  range  concepts,  (b)  identification 
of  functions  and  non- functions,  (c)  definition  of  function,  (d)  translation  of 
functions,  (e)  modeling,  and  (f)  reification. 

2.  The  students'  preferred  amount  of  instruction  will  not  affect  students' 
understanding  of  the  concept  of  function  in  terms  of  the  following  function 
components:  (a)  application  of  domain  and  range  concepts,  (b)  identification 
of  functions  and  non- functions,  (c)  definition  of  function,  (d)  translation  of 
functions,  (e)  modeling,  and  (f)  reification. 

3.  The  students'  preferred  amount  of  instruction  will  not  interact  with  the  TGC 
or  CGC  curricula  to  affect  students'  understanding  of  the  concept  of  function 
in  terms  of  the  following  function  components:  (a)  application  of  domain  and 
range  concepts,  (b)  identification  of  functions  and  non- functions,  (c) 
definition  of  function,  (d)  translation  of  functions,  (e)  modeling,  and  (f) 
reification. 
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4.    The  graphing  calculator  technology  used  in  the  TGC  curriculum  will  be 

viewed  by  students  as  having  the  same  effect  on  their  mathematics  learning  as 
the  computer  technology  used  in  the  CGC  curriculum. 

Justification  of  the  Study 
Student  Difficulties 

Numerous  studies  have  denoted  student  difficulties  with  the  concept  of  function. 
Students  have  a  limited  mental  image  of  what  constitutes  a  function  (Carlson,  1998; 
Harel  &  Trgalova,  1996;  Tall,  1996;  Vinner  &  Dreyfus,  1989).  They  ignore  and  show  a 
lack  of  understanding  of  domain  and  range  (Adams,  1997;  Caldwell,  1995;  Markovits  et 
al.,  1988).  Also,  they  have  difficulty  reifying,  or  viewing  a  function  as  a  mathematical 
object  (Breidenbach  et  al.,  1992;  Sfard,  1992;  Sfard  &  Linchevski,  1994). 

Graphing  calculators  and  computer  software  have  shown  much  promise  in 
increasing  student  understanding  of  the  function  concept  (Adams,  1997;  Dunham  & 
Dick,  1994;  Heid,  1995;  Hollar  &  Norwood,  1999;  O'Callaghan,  1998;  Wilson  &  Krapfl, 
1994).  However,  the  use  of  computer  software  and  graphing  calculators  to  represent 
functions  has  limitations  that  can  cause  difficulties  (Balacheff  &  Kaput,  1996;  Ruthven, 
1996;  Tall,  1996).  More  research  is  needed  in  order  to  better  understand  student 
difficulties  in  a  technological  environment. 
Different  Population 

The  current  body  of  knowledge  on  the  concept  of  function  and  the  difficulties  that 
students  have  with  the  concept  of  function  in  college  algebra  is  deficient.  Many  of  the 
studies  on  the  function  concept  have  been  done  outside  of  the  United  States  (Ruthven, 
1990;  Schwarz  &  Hershkowitz,  1999;  Vinner,  1983;  Vinner  &  Dreyfus,  1989)  or  on 
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middle  grades  or  early  secondary  students  (Chandler,  1992;  Leinhardt  et  al.  1990; 
Markovits  et  al.,  1988;  Olsen,  1995;  Slavit,  1994;  Thompson  &  Senk,  2001).  These 
studies  do  not  generalize  to  the  college  classroom  in  the  United  States.  Many  studies 
done  within  the  U.  S.  college  classroom  have  concerned  college  calculus  students  (Hart, 
1991;  Keller  &  Hirsch,  1998;  Pinzka,  1999;  Porzio,  1995;  Tall  &  Vinner,  1981),  college 
precalculus  students  (Norris,  1994;  Quesada  &  Maxwell,  1994;  Rich,  1990;  Slavit,  1998), 
or  developmental  college  algebra  students  (DeMarois,  1997).  Students  in  these  courses 
place  below  or  above  college  algebra  students  in  their  mathematical  understanding  and, 
therefore,  constitute  a  different  population  from  students  in  the  college  algebra 
classroom.  Therefore,  these  studies  do  not  generalize  well  to  the  college  algebra 
classroom  either. 
Lack  of  Research  Concerning  Domain  and  Range 

The  concept  of  function  is  a  very  complex  concept  with  many  constructs  within  it. 
The  domain  and  range  constructs  of  function  are  very  important  concepts,  yet  very  few 
research  studies  include  the  domain  and  range  constructs  of  the  function  concept  (Adams, 
1997;  Caldwell,  1995;  Markovits  et  al.,  1988;  Sfard,  1992;  Slavit,  1994;  Tuska,  1992). 
Even  fewer  studies  include  domain  and  range  at  the  college  algebra  level  (Adams,  1997; 
Caldwell,  1995).  More  research  is  needed  concerning  the  domain  and  range  concepts  of 
function,  particularly  at  the  college  algebra  level. 
A  Technological  Research  Environment 

The  technological  research  environment  may  affect  the  understanding  of  the 
overall  function  concept.  In  addition,  it  may  affect  different  aspects  of  the  function 
concept  in  different  ways  (Adams,  1997;  O'Callaghan,  1998).  Existing  studies  on  the 
function  concept  include  a  research  design  that  compares  a  graphing  calculator  group 
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with  a  no-technology  group  or  a  computer  group  with  a  no-technology  group  (Dunham  & 
Dick,  1994). 

The  latest  research  on  the  function  concept  (Adams,  1 997;  Hollar  &  Norwood, 
1999;  O'Callaghan,  1998)  also  uses  a  technology  versus  no-technology  design.  In 
separate  research  studies  at  different  colleges,  O'Callaghan  (1998)  and  Hollar  and 
Norwood  (1999)  studied  algebra  students  in  college  using  the  same  theoretical 
framework  and  the  same  assessment  instruments  for  conceptual  understanding  of  the 
function  concept.  The  O'Callaghan  (1998)  study  compared  a  computer-intensive-algebra 
group  with  a  no-technology  group,  while  the  Hollar  and  Norwood  (1999)  study  compared 
a  graphing  calculator  group  with  a  no-technology  group.  In  both  studies,  the  technology 
group  demonstrated  a  better  overall  conceptual  understanding  of  the  function  concept 
than  the  no-technology  group.  However,  the  computer  group  in  the  O'Callaghan  (1998) 
study  did  not  outperform  the  no-technology  group  on  the  ability  to  reify  functions,  while 
the  graphing  calculator  group  in  the  Hollar  and  Norwood  (1999)  study  did  outperform  the 
no-technology  group  on  the  ability  to  reify  function.  No  college  algebra  studies  on  the 
function  concept  exist  that  compare  a  computer  group  with  a  graphing  calculator  group. 
Further  research  is  needed  concerning  the  effect  of  these  different  technological 
environments  on  the  understanding  of  the  function  concept,  particularly  on  the  ability  to 
reify.  Student  perceptions  concerning  which  technology,  computer  or  graphing 
calculator,  best  enhances  mathematical  learning  need  to  be  explored. 

Standards  for  curriculum  and  instruction  require  the  use  of  technology,  including 
computers  and  graphing  calculators,  by  all  students  when  appropriate  for  enhancing 
learning  (AMATYC,  1995;  NCTM,  1989;  NCTM,  2000).  College  students  who  are 
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subjected  to  a  no-technology  group  in  a  research  study  may  see  the  restricted  use  of 
technology  as  an  "undeserving  hardship"  (Meel,  1998,  p.  192).  The  question  of  interest 
has  moved  beyond  whether  or  not  technology  should  be  used,  and  toward  which 
technological  environment  best  enhances  learning. 

Theoretical  Framework 

Early  studies  on  the  function  concept  used  a  Piagetian  framework  (Orton,  1971; 
Thomas,  1975).  Most  current  research  on  the  function  concept  also  uses  a  Piagetian 
framework  (Adams,  1997;  Vidakovic,  1996)  or  a  framework  based  on  Piagetian  ideas 
(Breidenbach  et  al.,  1992;  Carlson,  1998;  Hollar  &  Norwood,  1999,  Moschkovich  et  al., 
1993;  Sfard,  1991, 1992;  Schwarz  &  Yerushalmy,  1992).  This  research  study  uses  a 
framework  based  on  the  ideas  of  Piaget  as  well. 
Concept 

"Abstracting  is  an  activity  by  which  we  become  aware  of  similarities  among  our 

experiences.  Classifying  means  collecting  together  our  experiences  on  the  basis  of  these 

similarities.  An  abstraction  is  some  kind  of  lasting  mental  change,  the  result  of 

abstracting,  which  enables  us  to  recognize  new  experiences  as  having  the  similarities  of 

an  already-formed  class"  (Skemp,  1987,  p.  1 1).  According  to  Skemp  (1987),  a  concept  is 

an  abstraction,  or  the  defining  property  of  a  class.  To  form  a  concept,  one  needs  a 

number  of  experiences  that  have  something  in  common.  If  concept  A  is  an  example  of 

concept  B,  then  concept  B  is  of  a  higher  order  than  concept  A.  For  Skemp  (1987),  the 

first  and  second  principles  of  learning  mathematics  are 

1 .    Concepts  of  a  higher  order  than  those  which  people  already  have 

cannot  be  communicated  to  them  by  a  definition,  but  only  by  arranging 
for  them  to  encounter  a  suitable  collection  of  examples. 
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2.    Since  in  mathematics  these  examples  are  almost  invariably  other 
concepts,  it  must  first  be  ensured  that  these  are  already  formed  in  the 
mind  of  the  learner,  (p.  18) 

Lower  order  concepts  must  be  in  place  before  students  can  abstract  to  a  higher 
level.  For  example,  when  learning  the  Dirichlet-Bourbaki  definition  of  the  function 
concept,  students  must  know  the  concepts  of  set,  correspondence,  and  unique  before 
understanding  the  definition.  While  a  definition  cannot  communicate  a  concept,  a 
definition  can  be  "a  way  of  adding  precision  to  the  boundaries  of  a  concept,  once  formed, 
and  of  stating  explicitly  its  relation  to  other  concepts"  (Skemp,  1987,  p.  14).  In  the  early 
stages  of  learning  a  new  concept,  Skemp  (1987)  recommended  using  examples  that 
clearly  embody  the  concept  and  that  have  little  distracting  detail.  Once  students  graph 
the  basic  ideas  of  the  concept,  then  teachers  can  increase  distracting  detail  which  will 
reduce  dependence  on  the  teacher. 

Schema 

A  schema  is  a  conceptual  structure  that  (a)  is  made  up  of  individual,  yet 
interrelated,  concepts  and  their  properties,  (b)  integrates  existing  knowledge,  (c)  acts  as  a 
tool  for  future  learning,  and  (d)  makes  understanding  possible.  When  connected  strongly, 
the  interrelating  of  concepts  may  yield  properties  not  seen  in  the  individual  concepts.  A 
schema  determines  how  a  person  will  react  to  events.  Schema  "reflect  prior  experiences 
and  comprise  the  totality  of  one's  knowledge  at  any  given  time"  (Schunk,  1996,  p.  104). 
Thoughts  and  actions  are  manifestations  of  schema. 
Conceptual  Change 

For  Piaget,  the  fundamental  aspects  of  learning  are  assimilation  and 
accommodation  (Copeland,  1970;  Piaget  &  Garcia,  1989).  Piaget  (1969, 1989)  used  the 
term  assimilation  to  refer  to  the  incorporation  of  new  experiences  with  old  ones. 
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Assimilation  can  be  viewed  as  placing  new  experiences  within  existing,  but  growing, 
schema  (Skemp,  1987;  Vidakovic,  1996).  Assimilation  occurs  when  new  information  is 
consistent  with  what  the  student  already  knows.  For  example,  students  enter  college 
algebra  with  a  view  of  domain  and  range  as  being  set,  typically  between  the  values  of -10 
and  10  or  -5  and  5.  When  a  student  graphs  functions,  assimilation  occurs  when  the 
student  continually  graphs  on  this  "standard"  domain/range. 

If  the  learner  encounters  situations  that  do  not  fit  within  existing  schema, 
however,  then  the  learner  must  make  a  change  in  the  cognitive  structure  for  learning  to 
take  place  (Skemp,  1987).  Piaget  used  the  term  accommodation  to  refer  to  this 
modification  of  existing  schema  in  response  to  new  experiences  (Copeland,  1970;  Piaget 
&  Garcia,  1989).  In  order  for  the  learner  to  accommodate  a  new  concept,  the  new 
concept  must  bring  about  disequilibrium  in  the  learner  -  a  state  of  mind  that  involves 
conflicting  concepts  or  schema,  which  is  sometimes  referred  to  as  a  cognitive  conflict 
(Sfard  &  Linchevski,  1994).  The  process  of  equilibration  seeks  to  resolve  this  cognitive 
conflict  (Copeland,  1970;  Piaget  &  Garcia,  1989;  Vidakovic,  1996).  Accommodation 
then  involves  an  exchange  of  one  conception  for  another  (Hewson,  1996).  Facing 
cognitive  conflict  triggers  the  reflection  needed  for  accommodation  (Sfard  &  Linchevski, 
1994).  For  example,  if  teachers  provide  activities  related  to  graphing  functions  with 
technology  in  which  the  default  or  "standard"  domain/range  does  not  yield  the  expected 
results,  students  will  face  a  cognitive  conflict  which  may  result  in  accommodation  that 
expands  their  understanding  of  the  function  concept. 

According  to  Skemp  (1987),  "a  schema  is  of  such  value  to  an  individual  that  the 
resistance  to  changing  it  [accommodation]  can  be  great"  (p.  28).  For  Hewson  (1996), 
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accommodation  does  not  occur  unless  there  is  an  accompanying  change  in  the  relative 

status  of  different  conceptions.  A  high  status  conception  is  a  conception  that  is  very 

understandable,  plausible,  and  useful.  According  to  Hewson  (1996), 

Learning  a  new  conception  means  that  the  status  rises.  If  a  learner  sees 
that  a  new  conception  conflicts  with  an  existing  conception  (i.e.,  one  that 
already  has  high  status  for  the  learner),  he  or  she  cannot  accept  it  until  the 
status  of  the  existing  conception  is  lowered,  (p.  133) 

The  teacher  must  be  aware  of  the  importance  of  the  status  of  students'  views  and 
explicitly  include  status  in  classroom  teaching.  Reflecting  about  the  content  of  the 
conceptions  themselves  is  an  important  aspect  of  conceptual  change.  If  teachers  elicit 
different  student  views  in  the  classroom,  then  the  status  of  student  conceptions  can 
change  (Hewson,  1996). 

While  teachers  can  prepare  activities  to  facilitate  accommodation, 
accommodation  is  difficult  and  cannot  be  assured.  According  to  Skemp  (1987), 
"[accommodation]  can  be  difficult,  whereas  assimilation  of  a  new  experience  to  an 
existing  schema  gives  a  feeling  of  mastery  and  is  usually  enjoyed"  (Skemp,  1987,  p.  28). 
Students  do  not  learn  or  only  temporarily  learn  new  information  that  cannot  be 
assimilated,  or  fit  into  existing  schema  (Skemp,  1987).  In  order  to  facilitate  conceptual 
change,  Hewson  (1996)  acknowledged  that  the  following  are  important:  (a)  providing 
appropriate  contexts  for  classroom  activities,  (b)  posing  problems  that  have  relevance  and 
meaning  to  the  students,  (c)  finding  ways  to  help  students  become  dissatisfied  with  their 
own  ideas,  and  (d)  introducing  tasks  in  which  students  apply  newly  acquired  ideas.  Yet, 
"while  these  features  might  be  necessary  [for  conceptual  change],  they  are  certainly  not 
sufficient"  (Hewson,  1996,  p.  139). 
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In  the  early  stages  of  learning,  teachers  must  make  certain  that  students  develop 
schematic  learning  with  rich  connections,  not  just  symbol  manipulation  (Skemp,  1987). 
They  must  know  when  students  require  straightforward  assimilation  for  learning  a  new 
concept  and  when  students  require  accommodation.  Skemp  (1987)  recommended  that 
teachers  "lay  a  well-structured  foundation  of  basic  mathematical  ideas  on  which  the 
learner  can  build"  (p.  34). 
Logico-Mathematical  Experiences  and  Reflective  Abstraction 

For  Piaget,  learning  can  occur  through  two  types  of  experiences:  physical 
experiences  and  logico-mathematical  experiences.  "Physical  experience  relates  to 
objects,  with  the  acquisition  of  knowledge  by  abstraction  starting  from  these  objects. 
Logico-mathematical  experience  has  to  do  with  the  actions  which  the  subject  carries  out 
on  the  objects"  (Piaget,  1966,  p.  232).  The  acquisition  of  knowledge  then  results  from  an 
abstraction  that  started  with  actions.  The  abstraction  of  physical  experience  is  illustrated 
by  a  child  determining  one  pebble  is  heavier  than  another  by  weighing  (acting  on)  the 
pebbles  (objects)  to  discover  a  property  of  the  pebbles  themselves.  The  abstraction  of 
logico-mathematical  experience  is  illustrated  by  a  child  counting  five  pebbles  left  to 
right,  then  right  to  left.  If  the  child  discovers  there  are  five  pebbles  no  matter  which  one 
is  counted  first,  then  this  is  not  a  property  of  the  pebbles  (objects)  themselves  and 
represents  a  logico-mathematical  experience  (Piaget,  1966).  Whether  learning  through 
physical  or  logico-mathematical  experiences,  Piaget  viewed  learning  as  beginning  with 
actions  carried  out  on  objects. 

Piaget  associated  empirical  abstraction  with  physical  experiences  and  reflective 
abstraction  with  logico-mathematical  experiences.  Empirical  abstraction  consists  of 
"deriving  the  common  characteristics  from  a  class  of  objects"  (Piaget,  1966,  p.  189). 
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Empirical  abstraction  involves  deriving  information  "from  the  objects  themselves" 
(Piaget  &  Garcia,  1989,  p.  2).  Reflective  abstraction  applies  to  the  learner's  actions  and 
operations  as  well  as  to  the  schema  that  the  learner  constructs  (Piaget  &  Garcia,  1989). 
Reflective  abstraction  starts  with  "actions  and  operations"  (Piaget,  1966,  p.  188)  and 
proceeds  to: 

1 .  a  projection  onto  a  higher  level  (for  example,  of  representation)  of 
what  is  derived  from  a  lower  level  (for  example,  an  action  system), 
and 

2.  a  reflection,  which  reconstructs  and  reorganizes,  within  a  larger 
system,  what  is  transferred  by  projection.  (Paiget  &  Garcia,  1989,  p. 
2) 

Reflective  abstraction  consists  of  "reconstructing  an  earlier  structure  but  on  a 
higher  plane,  where  it  is  integrated  in  a  larger  structure"  (Piaget,  1966,  p.  203).  English 
and  Halford  (1995)  referred  to  Piaget' s  reflective  abstraction  as  thinking  about  one's  own 
actions,  and  note  that  it  is  similar  to  the  modern  notion  of  metacognition. 

Piaget  carried  out  extensive  studies  on  the  development  of  children's  thinking, 
which  he  categorized  into  four  stages:  sensorimotor,  preoperational,  concrete  operations, 
and  formal  operations  (Copeland,  1970).  The  final  stage,  the  formal  operations  stage,  is 
the  stage  at  which  children  and  adults  are  capable  of  thinking  logically  and  abstractly 
(Copeland,  1970).  The  modern-day  definition  of  function  is  dependent  on  Piaget' s  stage 
of  formal  operational  thought  (Lovell,  1971).  The  structures  that  underlie  the  formal 
operations  stage  develop  through  logico-mathematical  experiences  where  the  learner 
engages  in  reflective  abstraction  (English  &  Halford,  1995).  This  research,  therefore, 
will  be  concerned  with  learning  through  logico-mathematical  experiences. 

What  type  of  action  through  logico-mathematical  experiences  can  teachers 
provide  students  in  order  for  reflective  abstraction  to  occur?  The  function  concept  is 
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abstract  and  cannot  be  seen  with  the  eye  or  manipulated  with  the  hand.  When  a  student 
draws  a  graph  on  paper,  the  displayed  graph  is  his/her  end  product  and  the  graph  is  not 
manipulated  in  any  way.  However,  the  use  of  technological  tools  allows  the  tabular, 
graphical,  and  algebraic  representations  of  a  function  to  be  manipulated.  Technological 
tools  provide  a  dynamic  media  in  which  the  states  of  a  representational  object  can  change 
over  time  (Kaput,  1992).  Traditional  video  is  dynamic,  but  paper-pencil  media  is  not. 
According  to  Kaput  (1992),  "interactivity  of  the  computer  medium  strongly  distinguishes 
computers  both  from  static  media  [paper-pencil]  and  from  traditional  video  media"  (p. 
526).  In  an  interactive  medium,  the  student  not  only  can  see  the  display  of  a 
representational  object  change  over  time,  but  they  can  also  take  action  on  that  object 
themselves.  Technological  tools  allow  for  a  dynamic,  interactive  learning  environment  in 
which  students  can  perform  actions  on  abstract  mathematical  objects,  such  as  function 
representations,  and  see  the  results  of  those  actions. 
Concept  Image 

Tall  (1992)  credits  Vinner  and  Hershkowitz  (1980)  for  introducing  the  terms 
"concept  image"  and  "concept  definition."  A  concept  definition  refers  to  the  formal 
definition  of  a  concept  as  agreed  upon  by  the  mathematical  community.  The  Dirichlet- 
Bourbaki  definition  of  the  function  serves  as  the  concept  definition  of  the  function.  On 
the  other  hand,  the  concept  image  "consists  of  all  the  cognitive  structure  in  the 
individual's  mind  that  is  associated  with  a  given  concept"  (Tall  &  Vinner,  1981,  p.  151). 
Different  individuals  then  have  different  concept  images  of  a  certain  concept  (Vinner, 
1983).  The  concept  image  for  an  individual  includes  all  of  the  mental  pictures  (such  as 
graphs,  symbols,  diagrams,  formulas,  etc.),  associated  properties,  and  associated 
processes  (Tall  &  Vinner,  1981;  Vinner,  1983;  Vinner  &  Dreyfus,  1989).  Examples  and 
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nonexamples  of  the  concept  shape  the  student's  concept  image  (Skemp,  1987;  Vinner  & 
Dreyfus,  1989),  which  is  developed  over  the  years  (Tall  &  Vinner,  1981). 

A  gap  between  the  concept  image  and  the  concept  definition  is  called  a 
misconception.  According  to  Vinner  and  Dreyfus  (1989),  even  students  who  provide  the 
Dirichlet-Bourbaki  definition  when  asked  to  define  a  function  generally  have  an  image  of 
a  function  as  a  formula  only.  This  inconsistency  of  having  two  potentially  conflicting 
schema  in  one's  cognitive  structure  is  referred  to  as  compartmentalization  (Vinner  & 
Dreyfus,  1989).  Another  indication  of  compartmentalization  is  use  of  a  schema  that  is 
less  relevant  to  a  particular  situation/problem  instead  of  a  more  relevant  schema. 
Different  situations  can  activate  different  parts  of  the  concept  image.  The  part  of  the 
concept  image  that  is  activated  at  a  given  time  is  called  the  evoked  concept  image  (Tall  & 
Vinner,  1981). 
The  Function  Concept 

According  to  Sfard  (1991),  the  mathematical  universe  is  populated  with  objects 
that  are  only  accessible  mentally.  The  concept  of  function  is  an  abstract  concept.  One 
cannot  hold  or  see  the  "function"  object.  One  can  only  represent  the  abstract  function 
object  in  some  way,  such  as  with  a  graph,  a  table,  or  an  algebraic  expression  (formula). 
The  ability  to  mentally  "see"  functions  as  objects  is  "an  essential  component  of 
mathematical  ability"  (Sfard,  1991,  p.  3).  The  function  concept  can  be  seen  as  an  abstract 
object,  a  structure  that  can  be  manipulated  whole,  or  one  can  see  the  function  concept  as 
processes  and  actions  (Sfard,  1991).  "The  ability  of  seeing  a  function  both  as  a  process 
and  as  an  object  is  indispensable  for  a  deep  understanding"  (Sfard,  1991,  p.  5).  Different 
representations  of  a  function  can  be  useful  for  enhancing  the  concept  image  of  function. 
For  example,  a  graphical  representation  of  the  function  y  =  4x  encourages  an  object  view 
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of  the  function  concept  because  the  infinitely  many  points  can  be  viewed  as  a  whole. 
Evaluating  the  function  for  x  =  3  to  get  y  =  4(3)(3)  =  36  promotes  the  process  view  of 
function  (Sfard,  1991). 

According  to  Sfard  (1991),  an  action/process  view  of  function  will  precede  the 
object  view  of  function.  Moving  from  the  action/process  view  to  the  object  view  of 
function  is  a  lengthy  process  called  reification.  Viewing  functions  as  new  mathematical 
objects  is  the  result  of  reification  (Sfard  &  Linchevski,  1994).  According  to  Sfard 
(1991),  "reification  increases  problem-solving  and  learning  abilities"  (p.  29). 

In  order  to  reify,  or  to  see  a  function  as  an  object,  "one  must  try  to  manipulate  it 
as  a  whole"  (Sfard,  1 99 1 ,  p.  3 1 ).  When  a  student  graphs  a  function  that  is  represented 
algebraically,  he/she  may  obtain  a  variety  of  graphs  (objects)  based  on  the  domain  and 
range  used  for  the  function.  With  technological  graphing  utilities,  one  can  quickly  and 
easily  take  action  on  the  graph  (object)  by  modifying  the  domain  and  range  (Schwarz  & 
Dreyfus,  1995).  This  process  of  performing  actions  on  the  graph  (object)  allows  the 
learner  to  see  the  graph  as  an  object,  thereby  promoting  reification. 

Historical  Development  of  a  Concept 

According  to  Piaget  and  Garcia  (1989),  "a  piece  of  knowledge  cannot  be 
dissociated  from  its  historical  context  and,  consequently,  the  history  of  a  concept  gives 
some  indication  as  to  its  epistemic  significance"  (p.  7).  Piaget's  search  for  this  source  of 
knowledge  is  referred  to  as  genetic  epistemology.  By  understanding  the  historical 
development  of  the  function  concept,  one  can  gain  insight  concerning  the  situations  that 
fostered  the  growth  of  the  function  concept  and  the  difficulties  associated  with  the  growth 
of  the  function  concept.  Viewing  these  situations  and  difficulties  from  a  modern 
perspective  will  inform  instruction  and  research  related  to  the  concept  (Dennis,  2000). 
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Definition  of  Terms 

An  algebraic  representation  refers  to  expressions  whose  quantities  vary  such  as  y 
=  x2  -  x  +  2  and  expressions  whose  quantities  do  not  vary  such  as  y  =  3.    Using  Euler's 
notation,  these  algebraic  representations  are  written  f(x)  =  x2  -  x  +  2  and  g(x)  =  3,  where/ 
and  g  are  the  names  of  the  functions.  At  times,  the  output  value  y  is  not  explicitly  stated, 
but  is  implied  by  the  context.  For  example,  y  =  x2  -  x  +  2  is  sometimes  written  only 
using  the  expression  x2  -  x  +  2.  For  the  purpose  of  this  study,  the  terms  symbolic, 
formula,  algebraic  expression,  and  analytic  expression  all  refer  to  algebraic 
representations. 

The  Cartesian  coordinate  system  is  oftentimes  called  the  rectangular  coordinate 
system.  It  is  a  two-dimensional  system  made  up  of  a  horizontal  line,  called  the  x-axis, 
and  a  vertical  line,  called  the  y-axis.  The  x-axis  and  y-axis  are  both  number  lines  that 
contain  all  real  numbers.  The  x-axis  and  y-axis  are  perpendicular  to  each  other  and 
intersect  at  the  point  where  x  =  0  and  y  =  0. 

A  graphical  representation  refers  to  a  set  of  points  on  the  Cartesian  coordinate 
system.  The  set  of  points  may  form  a  curve  or  line.  For  the  purpose  of  this  study,  the 
terms  graph,  graphic,  Cartesian  graph,  curve,  and  geometric  curve  all  refer  to  a 
graphical  representation. 

A  tabular  representation  refers  to  a  table  with  multiple  rows  and  two  columns  or 
multiple  columns  and  two  rows.  A  table  can  contain  any  type  of  symbols,  such  as 
numbers  and  text.  For  the  purpose  of  this  study,  a  table  will  contain  numbers  unless 
noted  otherwise.  Therefore,  the  terms  numeric  and  table  will  refer  to  a  tabular 
representation. 
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A  correspondence  is  a  pairing  of  items  in  one  set  with  items  in  another  set.  For 
example,  the  names  of  states  can  be  paired  with  their  population  to  form  a 
correspondence.  A  table  is  oftentimes  used  to  clearly  illustrate  a  correspondence. 

A  transformation  is  a  modification  within  a  representation.  For  example,  adding 
5x  +  3x  to  yield  8x  is  a  transformation  within  the  algebraic  representation.  A  translation 
refers  to  movement  between  representations  (Kaput,  1992).  For  example,  obtaining  the 
graphical  representation  from  the  algebraic  representation  represents  a  translation.  To 
avoid  confusion,  the  common  use  of  the  term  translation  in  geometry  to  refer  to 
directional  movement  of  geometric  objects  will  be  avoided.  For  the  purpose  of  this 
study,  directional  movement  of  a  graph  is  a  transformation,  but  not  a  translation. 
Therefore,  when  discussing  the  horizontal  and  vertical  movement  of  graphs,  the  term 
graph  shifting  will  be  used. 

Significance  of  the  Study 

Wilson  and  Krapfl's  (1994)  review  of  the  literature  reveals  that  the  impact  of 
graphing  calculators  on  early  college  student  understanding  of  the  function  concept  is  not 
yet  certain.  Later  research  has  added  much  to  the  understanding  of  that  impact,  but  many 
questions  still  remain.  This  research  study  is  designed  to  add  to  the  body  of  research 
related  to  the  teaching  and  learning  of  the  concept  of  function.  Different  teaching 
methods  will  be  explored  in  order  to  provide  important  information  that  can  lead  to  better 
learning  in  college  algebra. 

While  domain  and  range  are  important  components  of  the  concept  of  function, 
very  little  research  is  available  concerning  these  components.  The  growth  in  the  use  of 
graphing  utilities  has  magnified  the  importance  of  domain  and  range.  Students  must 
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enter  a  graphing  window  (domain  and  range)  in  order  to  graph  a  function.  Through  the 
process  of  obtaining  an  appropriate  graph,  students  have  opportunities  for  cognitive 
conflict  which  can  promote  connections  between  algebraic,  tabular,  and  graphical 
representations  of  functions,  thereby  strengthening  student  understanding  of  domain  and 
range  as  well  as  their  ability  to  translate  between  representations  of  functions. 

Reification  is  an  aspect  of  the  function  concept  that  is  very  difficult  for  students. 
Graphing  utilities  allow  for  the  manipulation  of  graphs.  A  student's  ability  to  manipulate 
these  representations  of  function  may  promote  what  Piaget  and  Garcia  (1989)  refer  to  as 
reflective  abstraction  and  what  Sfard  (1991)  refers  to  as  reification. 

Existing  research  is  unclear  concerning  the  effect  of  different  learning 
environments  on  the  reification  of  the  function  concept.  For  Piaget  and  Garcia  (1989)  as 
well  as  Sfard  (1991),  human  knowledge  starts  with  actions  on  objects  that  result  in 
entities  that  may  be  viewed  as  objects  in  their  own  right  at  some  time.  This  reification 
requires  time  and  action  on  objects  (functions).  By  comparing  two  different 
technological  environments  that  seek  to  promote  this  action,  this  research  study  will 
obtain  information  that  is  not  available  in  the  existing  research  in  relation  to  the  concept 
of  function. 

This  research  is  based  soundly  in  existing  research,  but  will  extend  existing 
research  by  including  a  sample  of  college  algebra  students  within  the  same  university  and 
the  factor  of  technology  use  as  it  pertains  to  the  concept  of  function,  particularly  in  terms 
of  domain,  range,  and  reification. 

■ 
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Organization  of  the  Study 
This  chapter  contains  a  description  of  the  problem  and  its  relevance  in  the  field  of 
mathematics  education.  Chapter  II  contains  a  review  of  the  relevant  literature  concerning 
the  concept  of  function,  the  use  of  graphing  calculators  in  teaching  the  concept  of 
function,  and  the  use  of  computers  in  teaching  the  concept  of  function.  Chapter  III 
contains  a  description  of  the  research  design  and  methodology.  Results  of  the  analysis 
and  limitations  of  the  study  are  reported  in  Chapter  IV.  A  summary  of  the  results, 
implications,  and  recommendations  for  future  results  are  presented  in  Chapter  V. 


CHAPTER  2 
REVIEW  OF  THE  LITERATURE 


Historical  Development  of  the  Concept  of  Function 
In  modern-day  mathematics,  numerous  terms  are  associated  with  the  concept  of 
function:  domain,  range,  graph,  definition,  analytic  expression,  relation,  model, 
correspondence,  unique,  dependence,  mapping,  independent  variable,  etc.  Examining  the 
historical  development  of  the  concept  of  function  provides  insight  into  the  meaning  and 
importance  of  these  terms  as  well  as  how  and  why  the  terms  are  components  of  the 
concept  of  function.  In  addition,  examining  the  historical  development  of  the  function 

concept: 

1 .  provides  insight  into  modern-day  understandings  of  function,  such  as  the 
importance  of  the  algebraic,  graphical,  and  tabular  representations  of  function; 

2.  identifies  possible  curriculum  suggestions  by  identifying  the  order  in  which 
aspects  of  the  function  concept  were  developed  and  extended; 

3 .  identifies  difficulties  related  to  the  function  concept  from  a  historical 
perspective;  and 

4.  demonstrates  the  central  role  of  the  function  concept  in  many  branches  of 
mathematics. 

Early  Developments 

According  to  Kennedy  and  Ragan  (1989),  Eric  Temple  Bell  in  The  Development 
of  Mathematics  suggested  that  the  Babylonians  circa  2000  B.C.  demonstrated  the  concept 
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of  function  with  the  use  of  tables  like  the  one  for  n3  +  n2  for  n  =  1,  2, ...,  30.  This  view 
of  function  suggests  a  definition  of  function  as  a  table  or  correspondence.  According  to 
Boyer  (1968),  circa  1360  A.D.,  the  French  physicist  and  mathematician  Nicole  Oresme 
drew  a  velocity-time  graph  for  a  body  moving  with  uniform  acceleration.  He  marked 
points  representing  instants  of  time  (longitudes)  along  a  horizontal  axis,  then  for  each 
instant  of  time  drew  a  line  segment  (latitude)  that  represented  the  velocity.  Oresme's 
work  provides  early  evidence  of  a  graphical  representation  of  a  function.  According  to 
Boyer,  Oresme  "seems  to  have  grasped  the  essential  principle  that  a  function  of  one 
unknown  can  be  represented  as  a  curve  [graph],  but  he  was  unable  to  make  any  effective 
use  of  this  observation  except  in  the  case  of  the  linear  function"  (p.  291).  Oresme's  work 
also  provides  early  evidence  of  a  common  modern-day  misconception  about  functions  - 
that  they  must  be  linear  (Markovits  et  al.  1988;  Knuth,  2000).  Known  then  as  the  latitude 
of  forms,  Oresme's  graphical  representation  of  functions  remained  a  popular  topic  from 
his  time  until  the  time  of  Galileo  (1564-1642). 

While  the  concept  of  function  has  evolved  for  over  4000  years  (Kennedy  & 
Ragan,  1989;  Kleiner,  1989),  the  concept  at  it  is  known  today  explicitly  emerged  and 
evolved  in  the  last  300  years.  The  concept  of  function  has  evolved  in  connection  with 
problems  in  calculus  and  mathematical  analysis  (Kliener,  1989).  The  foundation  for  the 
explicit  form  of  function  began  with  understandings  of  the  function  concept  in  the  17th 
century  with  Descartes  (Hamley,  1934;  Kennedy  &  Ragan,  1989).  The  formal  blending 
of  algebra  and  geometry,  in  what  is  known  today  as  analytic  geometry,  by  Descartes  and 
Fermat  in  the  early  part  of  the  17th  century  was  a  fundamental  development  for  the 
growth  of  the  function  concept  (Kleiner,  1989).  Descartes  made  analytic  geometry 
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known  to  others  when  he  published  La  Geometrie  in  1637  (Boyer,  1968).  In  La 
Geometrie,  Descartes  implicitly  included  two  ideas  of  the  function  concept  that  signified 
dependence.  First,  that  unknown  quantities  can  be  expressed  in  terms  of  a  single  quantity 
and  second,  that  a  curve  (graph)  pictures  the  dependence  of  one  variable  on  another 
variable  (Hamley,  1934). 
Eighteenth  Century  Developments 

As  the  1 8th  century  was  ushered  in,  the  function  concept  was  made  more  explicit. 
Beginning  with  the  calculus  of  Newton  and  Liebniz  and  continuing  to  this  day,  the 
evolution  of  the  function  concept  has  included  focus  on  function  as  a  geometric  curve 
(graph),  as  an  algebraic  expression,  and  as  a  correspondence  between  sets  (Kleiner, 
1989).  A  correspondence  between  sets  is  oftentimes  organized  in  a  table.  Today,  the 
technology  of  graphing  utilities  provide  an  excellent  method  of  displaying  a  function  in 
these  three  multiple  representations  -  tables,  graphs,  and  algebraic  expressions  (Kaput, 
1989;  Moschkovich  et  al.,  1993;  Schwarz  &  Dreyfus,  1995).  This  research  study  focuses 
on  the  graphical  and  algebraic  representations  of  functions. 

The  calculus  of  Newton  and  Liebniz  was  a  calculus  that  focused  on  graphs 
(geometric  curves).  The  German  mathematician  Liebniz  is  credited  with  introducing  the 
word  "function"  (Boyer,  1968;  Hamley,  1934;  Kleiner,  1989).  According  to  Kleiner, 
Liebniz  introduced  the  word  function  in  1692  to  designate  a  geometric  object  associated 
with  a  curve.  For  example,  Liebniz  stated  that  "a  tangent  is  a  function  of  a  curve" 
(quoted  in  Hamley,  1934,  p.  13). 

In  1718,  the  Swiss  mathematician  Jean  (English  -  John;  German  -  Johann) 
Bernoulli  provided  the  first  formal  definition  of  function  (Kleiner,  1989).  His  definition 
focused  on  function  as  a  quantity  that  depends  on  another  quantity.  Boyer  (1968,  p.  462) 
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and  Kleiner  (1989,  p.  284)  provide  Bernoulli's  definition:  "One  calls  here  Function  of  a 
variable  a  quantity  composed  in  any  manner  of  this  variable  and  of  constants." 

The  Swiss  mathematician  Leonhard  Euler  introduced  function  notation  f(x) 
(Boyer,  1968;  Hamley,  1934;  Kennedy  &  Ragan,  1989;  Kleiner,  1989).  According  to 
Boyer,  Euler's  two-volume  treatise  of  1748  Introductio  in  Analysin  Infinitorum  "served  as 
a  fountainhead  for  the  burgeoning  developments  of  mathematics  throughout  the  second 
half  of  the  eighteenth  century.  From  this  time  onward,  the  idea  of  function  became 
fundamental  in  (mathematical)  analysis"  (p.  485).  Kleiner  (1989)  credited  Euler's 
Introductio  as  the  first  work  that  placed  the  concept  of  function  in  a  central  role.  Euler 
defined  a  function  as  an  analytic  expression  (algebraic  formula):  "A  function  of  a 
variable  quantity  is  an  analytic  expression  composed  in  any  manner  from  that  variable 
quantity  and  numbers  or  constant  quantities"  (Boyer,  1968,  p.  485).  According  to 
Kleiner  (1989),  Euler's  Introductio  has  no  pictures  or  drawings.  Euler's  algebraic 
approach  began  an  era  that  focused  on  function  as  an  algebraic  expression. 

Attempts  to  solve  the  Vibrating  String  Problem  led  to  controversy  that  centered 
around  the  meaning  of  function.  This  controversy  led  to  the  concept  of  function  being 
further  extended  (Boyer,  1968;  Kleiner,  1989).  As  described  by  Kleiner,  the  goal  of  the 
Vibrating  String  Problem  is  to  find  the  function  that  best  describes  the  shape  of  an  elastic 
string  at  time  t,  where  the  string  is  fixed  at  ends  0  and  /,  deformed  in  an  initial  shape,  then 
released  to  vibrate.  The  solutions  offered  for  the  problem  by  d'Alembert  in  1747,  Euler 
in  1748,  and  Daniel  Bernoulli  in  1753  signified  differing  conceptions  of  function.  For 
d'Alembert,  a  function  must  be  an  analytic  (algebraic)  expression.  From  the  physical 
considerations  of  the  initial  shape  of  the  string,  Euler  expanded  his  view  of  function 
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beyond  his  previous  view  as  an  analytic  expression,  and  included  curves  (graphs)  drawn 

by  free-hand  as  functions.  Bernoulli,  a  physicist  whose  main  interest  was  in  solving  the 

physical  problem,  viewed  an  arbitrary  function  as  an  arbitrary  shape  of  the  vibrating 

string  (Kleiner,  1989).  Bernoulli's  solution  was  in  terms  of  an  infinite  series  of 

trigonometric  functions.  His  solution  caused  a  conflict  with  an  incorrect  assumption  of 

18th  century  mathematics  -  that  if  two  analytic  expressions  agree  on  an  interval,  then  they 

agree  everywhere.  According  to  Kleiner  (1989),  this  assumption  "implicitly  assumes  that 

the  independent  variable  in  an  analytic  expression  ranges  over  the  whole  domain  of  real 

numbers,  without  restriction"  (p.  285).  In  addition  to  bringing  the  concept  of  domain  to 

the  forefront,  the  Vibrating  String  Problem  extended  the  concept  of  function  to  include 

functions  defined  piecewise  in  different  intervals  by  analytic  expressions  and  to  include 

functions  drawn  free-hand,  even  if  they  cannot  be  specified  by  a  combination  of  analytic 

expressions  (formulas). 

Nineteenth  Century  Developments 

In  his  work  with  heat  conduction  in  1822,  Joseph  Fourier  advanced  Bernoulli's 

idea  of  infinite  series  of  trigonometric  functions  by  claiming  that  any  arbitrary  function 

can  be  written  in  terms  of  an  infinite  series  of  trigonometric  functions,  now  known  as  the 

Fourier  series  (Boyer,  1968).  In  demonstrating  an  arbitrary  function  that  could  not  be 

written  in  terms  of  the  Fourier  series,  Lejeune  Dirichlet  in  1829  advanced  the  concept  of 

function  by  providing  "the  first  explicit  example  of  a  function  that  was  not  given  by  an 

analytic  expression  and  was  not  drawn  by  freehand"  (Kleiner,  1989,  p.  292).  Dirichlet 

broadened  the  definition  of  function  as  follows: 

v  is  a  function  of  a  variable  x,  defined  on  the  interval  a  <  x  <  b,  if  to  every 
value  of  the  variable  x  in  this  interval  there  corresponds  a  definite  value  of 
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the  variable  v.  Also,  it  is  irrelevant  in  what  way  this  correspondence  is 
established.  (Kleiner,  1989,  p.  291) 

In  his  definition,  Dirichlet  highlighted  the  concept  of  function  as  an  arbitrary 
pairing  or  correspondence,  giving  function  a  meaning  separate  from  an  algebraic 
expression.  He  also  furthered  the  idea  of  restricted  domains  by  specifying  the  interval  a 
<  x  <  b  in  his  definition.  In  addition,  Dirichlet  furthered  the  concept  of  function  by 
making  physical  interpretation  and  graphical  representations  recognized  aspects  of 
function  (Hamley,  1934). 

In  1854,  the  work  of  Riemann  permanently  placed  discontinuous  within  the 
concept  of  function,  while  in  1887  Dedekind  defined  a  function  as  a  "mapping"  between 
arbitrary  sets.  As  the  concept  of  function  expanded,  so  too  did  the  sets  being  mapped 
"from"  and  "to."  Therefore,  Diriclet's  correspondence  between  real  numbers  in  1829  had 
grown  to  the  mapping  of  functions  to  functions  with  Volterra  by  1887  (Kleiner,  1989).  In 
college  algebra  today,  the  mapping  of  functions  is  seen  when  functions  are  combined  to 
form  a  third  function,  for  example  as  in  the  composition  of  functions.  Transformations  of 
graphs  can  also  be  viewed  as  a  mapping  of  functions.  This  ability  to  view  a  function  as 
an  object  in  its  own  right  has  proven  difficult  for  students  (O'Callaghan,  1998;  Sfard, 
1992).  In  addition,  many  current  algebra  students  have  the  misconception  that  a 
discontinuous  graph  does  not  represent  a  function  because  it  is  broken  or  unusual 
(Carlson,  1998;  Markovits  et  al.,  1988). 
Twentieth  Century  Developments 

In  1934,  Herbert  Russell  Hamley  authored  the  Ninth  Yearbook  of  the  National 
Council  of  Teachers  of  Mathematics  in  its  entirety.  In  the  Yearbook,  Hamley  described 
the  function  concept  and  promoted  its  importance  in  mathematics  education.  His 
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inspection  of  the  "modern  textbooks"  of  his  day  provides  valuable  insight  into  the 
evolution  of  the  function  concept.  In  the  included  definitions  from  textbooks  spanning 
the  years  1919  to  1930,  some  definitions  allow  for  multiple  y  values  for  each  x  value, 
while  others  specify  that  only  one  y  value  is  allowed  for  one  x  value.  Hamley  described  a 
function  as  "a  correspondence  between  two  ordered  variable  classes"  (p.  6).  After 
synthesizing  the  definitions  found  in  the  textbooks,  Hamley  settled  upon  the  following 
definition  of  function: 

Two  variables  y  and  x  are  in  functional  relation  when  there  is  a 
determinate  correspondence  between  the  quantities  xl,  x2,  x3, ...  of  the  x 
variable  and  the  quantities  yl,  y2,  y3, ...  of  the  y  variable,  the  order  of  the 
arrangement  of  the  quantities  of  the  two  variables  being  alike.  (Hamley, 
1934,  p.  20) 

Hamley  stressed  the  concept  of  dependence,  and  used  much  of  our  modern-day 
terminology  when  writing  about  the  function  concept.  For  example,  he  described  the 
function  concept  in  terms  of  a  rule  which,  when  applied  to  the  "domain  of  the 
independent  variable"  (p.  20),  allows  the  corresponding  dependent  variables  to  be 
specified  (determined). 

Hamley  also  stressed  the  relationship  aspect  of  function  and  preferred  to  use  the 
term  functional  relation  instead  of  function.  In  the  early  20th  century,  the  concept  of 
function  included  a  strong  focus  on  "functional  thinking."  Hamley  sometimes  referred  to 
functional  thinking  as  relational  thinking,  because  his  view  of  function  stressed  the 
relationship  of  the  correspondence.  Hamley  summarized  J.  S.  Georges'  three  abilities  of 
functional  thinking  as  follows: 

First,  the  ability  to  recognize  mutual  dependence  between  variables  and 
varying  quantities;  second,  the  ability  to  determine  the  nature  of  the 
dependence  or  relationship  between  variable  quantities;  and  third,  the 
ability  to  express  and  interpret  quantitative  relationships.  (1934,  p.  80) 
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When  putting  the  concept  of  function  in  practice,  Hamley  tended  to  view  function 
in  terms  of  physical  representations,  such  as  "the  extension  of  a  strained  spring  is  a 
function  of  the  tension  applied"  (p.  21).  From  this  applied  perspective,  functional 
thinking  stressed  the  ability  to  recognize  relationships,  interpret  relationships,  and  model 
relationships.  These  components  of  the  function  concept  are  currently  stressed  in  the 
mathematics  curriculum  (NCTM  1989;  NCTM,  2000).  This  applied  perspective  may 
imply  that  only  one  y  value  is  assigned  to  each  x  value,  but  Hamley  did  not  explicitly 
state  this  idea,  which  is  contained  in  today's  modern  definition  of  function. 

Nicolas  Bourbaki  was  the  name  used  by  a  society  of  mathematicians  who  wrote 

several  volumes  in  a  work  titled  dements  de  Mathematique  (Boyer,  1968).  Their  goal 

was  to  survey  the  important  mathematics  of  their  time.  In  1939,  the  first  volume  in 

dements  contained  the  following  definition  of  function: 

Let  E  and  F  be  two  sets,  which  may  or  may  not  be  distinct.  A  relation 
between  a  variable  element  x  of  E  and  a  variable  element  v  of  F  is  called  a 
functional  relation  iny  if,  for  all  x  (symbol  an  element  of)  E,  there  exists  a 
unique  y  (symbol  an  element  of)  F  which  is  in  the  given  relation  with  x. 
We  give  the  name  of function  to  the  operation  which  in  this  way  associates 
with  every  element  x  (element  of)  E  the  element  y  (element  of)  F  which  is 
in  the  given  relation  with  x;  y  is  said  to  be  the  value  of  the  function  at  the 
element  x,  and  the  function  is  said  to  be  determined  by  the  given 
functional  relation.  (Kleiner,  1989,  p.  299). 

Bourbaki's  definition  of  function  as  a  relationship  between  sets  stresses  the  idea  of 
uniqueness.  With  relationship  and  uniqueness  included,  Bourbaki's  definition  captures 
the  key  ideas  in  the  function  definition  as  found  in  modern  college  algebra  books. 
Bourbaki  also  defined  function  as  a  subset  of  the  Cartesian  product  E  x  F,  where  the  sets 
E  and  F  are  described  above  (Kleiner,  1989).  This  definition  of  function  as  a  set  of 
ordered  pairs  is  also  commonly  found  in  modern  college  algebra  books  (Kaufmann, 
1994;  Larson  &  Hostetler,  1997). 
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Summary  of  the  Historical  Development 

The  historical  developments  of  the  concept  of  function  reveals  that  it  is  a  complex 
concept,  which  is  comprised  of  many  concepts  such  as  domain,  range,  uniqueness, 
variable,  and  discontinuous.  To  add  to  the  complexities,  the  concept  of  function  occurs 
both  in  the  "real-world"  and  in  the  purely  mathematical  realm.  The  function  concept  was 
seen  in  "real-life"  applications  such  as  the  heat  conduction  problem  and  the  Vibrating 
String  problem.  This  focus  on  real-life  contextual  problems  and  modeling  has  a  strong 
presence  in  the  mathematics  curriculum  today  (NCTM,  2000).    Also,  the  historical 
development  revealed  that  a  function  can  be  represented  in  many  ways.  These  multiple 
representations  included  tables  of  numbers,  graphs,  and  algebraic  expressions.  The 
historical  development  of  the  concept  of  function  reveals  a  concept  of  breadth  and  depth 
that  can  lead  to  difficulties  and  misconceptions. 

This  research  study  is  well-justified  by  the  historical  development  of  the  function 
concept.  This  research  study  focuses  on  domain  and  range,  graphical  and  algebraic 
representations,  and  difficulties  associated  with  understanding  the  function  concept.  The 
ability  to  define  function  and  identify  functions  is  also  justified  by  the  historical 
development.  The  ability  to  model,  to  work  with  real-life  situations,  is  also  justified  by 
the  historical  development.  Lastly,  the  view  of  function  as  a  process  is  evident  in  the 
tables  of  the  Babylonians,  while  Newton,  Liebniz,  and  Volterra  all  demonstrated  the 
ability  to  view  a  function  as  an  object. 

History  of  Function  in  Mathematics  Education 
As  early  as  1893  Felix  Klein,  the  mathematician  and  leader  of  the  early  20th 
century  German  mathematics  reform  movement,  originated  the  idea  that  the  concept  of 
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function  should  be  the  central  unifying  theme  of  school  mathematics  (Hamley,  1934).  At 
a  conference  in  1904,  Klein  asserted  "the  function  concept  graphically  presented  should 
form  the  central  notion  of  mathematical  teaching"  (as  quoted  in  Hamley,  1934,  p.  52). 
By  1914,  calculus  and  analytic  geometry  was  established  in  French  secondary  schools, 
which  thereby  stressed  the  concept  of  function  in  those  schools. 

The  reform  movement  in  the  United  States  is  considered  to  have  started  with  E. 
H.  Moore's  presidential  address  to  the  American  Mathematical  Society  in  1902.  David  E. 
Smith  and  E.  R.  Hedrick  were  the  first  proponents  of  including  the  function  concept  in 
American  schools  (Hamley,  1934).  In  1911,  Hedrick  envisioned  the  function  concept 
firmly  placed  in  school  algebra:  "The  real  subject  matter  of  algebra  consists  of  variable 
quantities,  the  relations  between  variable  quantities,  and  the  acquisition  of  the  ability  to 
control  and  interpret  relations"  (as  quoted  in  Hamley,  1934,  p.  77).  In  1923,  the  National 
Committee  on  Mathematical  Requirements,  a  committee  of  the  Mathematical  Association 
of  America,  published  The  Reorganization  of  Mathematics  in  Secondary  Education 
(Hamley,  1934).  This  report  is  a  major  milestone  in  the  history  of  mathematics  education 
(Hamley,  1934).  In  the  seventh  chapter  of  the  report,  titled  The  Function  Concept  in 
Secondary  School  Mathematics,  the  committee  states  that  the  idea  of  functional 
relationship  is  "best  adapted  to  unify  the  course"  (as  cited  in  Hamley,  1934,  p.  78). 

In  1923,  The  National  Committee  on  Mathematical  Requirements  viewed  the 
fundamental  importance  of  the  functional  relation  as  "the  dependence  of  one  variable  on 
another"  (as  cited  in  Hamley,  1934,  p.  78).  In  addition,  the  committee  emphasized 
placing  the  relationship  in  context:  "Indeed,  the  reason  for  insisting  so  strongly  upon 
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attention  to  the  idea  of  relationships  between  quantities  is  that  such  relationships  do  occur 
in  real  life."  (as  cited  in  Hamley,  1934,  p.  79). 

The  function  concept  made  in-roads  into  the  school  classrooms  of  the  United 
States.  By  the  late  1920s,  articles  authored  by  secondary  school  teachers  appeared  in 
journals  promoting  teaching  the  concept  of  function  in  secondary  education  (Hamley, 
1934).  Teacher  Eleanor  Booher  (1926)  viewed  the  ability  to  recognize  relationships  as 
the  "very  essence  of  intelligence"  (as  quoted  in  Hamley,  1934,  p.  83)  and  stressed  the 
concept  of  function  in  her  classroom. 

The  Dirichlet-Bourbaki  definition  of  function  is  stated  as  follows:  a  function  is  a 
relationship  between  two  sets  A  and  B  that  assigns  to  each  element  x  in  set  A,  called  the 
domain,  exactly  one  element  y  in  set  B,  called  the  range  (Larson  &  Hostetler,  1997).  It 
has  taken  time  for  the  Dirichlet-Bourbaki  definition  of  function  to  become  the  standard 
that  is  used  today.  In  a  study  of  eleven  elementary  algebra  texts  published  before  1959 
and  nine  published  after  1959,  Kennedy  and  Ragan  (1989)  did  not  find  any  elementary 
algebra  texts  before  1959  that  included  both  the  relation  between  sets  and  the  uniqueness 
of  y  as  specified  by  Bourbaki.  Two  common  definitions  allowed  "one  or  more  values  of 
y"  (p.  312),  while  a  third  common  definition  contained  the  misconception  that  a  function 
must  be  an  algebraic  expression.  This  misconception  dates  back  to  Euler's  limited  view 
of  function  as  an  analytic  expression  (algebraic  formula)  in  his  1748  Introductio,  and  is 
still  a  common  misconception  among  students  today  (Carlson,  1998;  Eisenberg,  1992; 
Vinner,  1983;  Vinner  &  Dreyfus,  1989).    Similarly,  none  of  the  seven  college  algebra 
texts  published  prior  to  1959  contained  the  modern  day  Dirichlet-Bourbaki  definition. 
The  Dirichlet-Bourbaki  definition  made  great  inroads  in  texts  that  were  published  after 


39 

1959.  The  Dirichlet-Bourbaki  definition  was  included  in  six  of  nine  elementary  algebra 
texts  and  four  of  eight  college  algebra  texts.  Today,  the  Dirichlet-Bourbaki  definition  of 
function  is  used  in  "almost  all"  algebra  text-books  (Kieran,  1992,  p.  408). 

For  the  purposes  of  this  study,  a  conceptually  correct  definition  of  function  must 
include  two  key  ideas:  (a)  it  must  include  a  relationship  between  two  sets  (called  the 
domain  and  range),  and  (b)  every  element  in  one  set  must  get  assigned  exactly  one 
element  in  the  other  set.  This  guiding  statement,  based  on  the  Dirichlet-Bourbaki 
definition  of  function,  delineates  the  assessment  method  for  student  definitions  of 
function  on  the  Domain/Range/Identify/Define/Translate  instrument  (Appendix  A).  The 
Dirichlet-Bourbaki  definition  of  function  that  is  conceptually  correct  by  today's  standards 
is  stated  as  follows:  A  function  f  is  a  relationship  between  two  sets  A  and  B  that  assigns 
to  each  element  x  in  set  A  exactly  one  element  y  in  set  B.  The  set  A  is  called  the  domain 
of  the  function  and  the  set  B  is  called  the  range  of  the  function. 

The  Dirichlet-Bourbaki  definition  is  justified  through  the  historical  development 
of  the  function  concept,  the  literature  concerning  the  function  concept  (Kieran,  1992; 
Markovits  et  al.,  1988;  Vinner,  1983),  and  current  practice  in  college  algebra  courses  as 
indicated  by  textbooks  over  the  past  12  years  (Barros-Neto,  1988;  Kaufmann,  1994; 
Larson  &  Hostetler,  1997). 

From  the  historical  development  of  the  concept  of  function  as  well  as  its  history  in 
mathematics  education,  one  can  see  that  each  generation  developed  its  own  concept 
image  of  the  function  concept.  In  addition,  each  generation  was  faced  with  conflicts  of 
understanding  that  led  to  the  restructuring  of  the  notion  of  function  in  the  mathematics 
community.  This  restructuring  came  about  with  great  difficulty  and  required  much  time. 
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While  accommodation  and  reification  are  typically  used  to  refer  to  an  individual's 

cognition,  these  terms  also  apply  to  the  historical  development  of  the  function  concept 

within  the  mathematics  community.  According  to  Sfard  (1992),  the  historical 

development  of  the  concept  of  function  can  be  seen  as  a  300  year  struggle  for  reification. 

The  concept  changed  and  expanded  as  individuals  were  faced  with  applied  or  pure 

mathematical  problems  that  forced  them  to  re-conceive  their  notion  of  function.  Euler's 

re-conception  of  function  to  include  a  graph  drawn  by  free-hand  when  faced  with  the 

Vibrating  String  Problem  provides  one  such  example. 

While  the  definition  of  function  evolved  to  its  present-day  definition,  a  variety  of 

definitions  were  present  at  any  given  time.  For  example,  in  Hamley's  (1934)  inspection 

of  function  definitions  in  early  20th  century  textbooks,  some  definitions  allowed  for  more 

than  one  y  value  to  be  assigned  to  the  same  x  value,  while  other  definitions  stated  that 

only  one  y  value  was  to  be  assigned.  No  matter  which  definition  was  used,  however, 

there  was  oftentimes  a  gap  between  the  concept  definition  of  function  and  a  person's 

mental  image  of  function.  Although,  the  terms  concept  definition,  concept  image,  and 

misconception  were  not  used,  these  ideas  were  nonetheless  present  as  early  as  1870. 

After  examining  the  better  mathematical  analysis  textbooks  of  his  day,  in  1870  Hankel 

wrote: 

One  [text]  defines  function  in  the  Eulerian  manner;  the  other  that  y  should 
change  with  x  according  to  a  rule,  without  explaining  this  mysterious 
concept;  the  third  defines  them  as  Dirichlet;  the  fourth  does  not  define 
them  at  all;  but  everyone  draws  from  them  conclusions  that  are  not 
contained  therein,  (as  quoted  in  Kleiner,  1989,  p.  293) 

Similarly,  although  the  representation  of  a  function  as  an  algebraic  expression  had 

a  long  and  established  history  at  the  time,  in  1934  Hamley  lamented 
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So  many  writers  of  school  textbooks  have  fallen  into  the  error  of 
supposing  that  the  function  concept  was  synonymous  with  the  graphical 
representation  of  functions.  Few  seem  to  have  grasped  the  idea  that  the 
function  concept  is  a  mode  of  thinking  rather  than  a  method  of  illustration, 
(p.  79) 

Dealing  with  misconceptions  concerning  the  function  concept  has  a  long  history  for  both 
mathematicians  and  mathematics  educators. 

Standards  Related  to  the  Function  Concept 
The  historical  development  of  the  function  concept  revealed  its  importance  in 
mathematical  analysis  and  calculus  as  well  as  mathematics  education.  In  addition,  the 
historical  development  of  the  function  concept  demonstrates  the  importance  of  various 
components  (domain,  definition,  modeling)  and  multiple  representations  (table,  graphs, 
algebraic  expressions)  of  the  function  concept.  Today,  the  concept  of  function  is  a 
"central  theoretical  construct"  in  calculus  courses  (Tall,  1996,  p.  320),  "a  pivotal  concept 
in  higher  mathematics  education"  (Harel  &  Trgalova,  1996,  p.  675),  and  "among  the 
most  powerful  and  useful  notions  in  all  mathematics"  (Romberg,  Carpenter,  &  Fennema, 
1993,  p.l).  According  to  Eisenberg  (1992),  "the  development  of  a  sense  for  functions 
should  be  one  of  the  main  goals  of  the  school  and  collegiate  curriculum"  (p.  153). 

Current  national  standards  for  mathematics  education  at  both  the  school  and 
college  level  support  these  views  that  place  a  strong  emphasis  on  the  function  concept. 
The  NCTM  (1 989)  Curriculum  and  Evaluation  Standards  for  School  Mathematics 
recognize  the  function  concept  as  "an  important  unifying  idea"  (p.  154)  in  secondary 
school  mathematics.  According  to  the  NCTM  Principles  and  Standards  for  School 
Mathematics  (2000),  the  concept  of  function  is  a  "foundational  idea"  that  "should  have  a 
prominent  place  in  the  mathematics  curriculum  because  [it  enables]  students  to 
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understand  other  mathematical  ideas  and  connect  ideas  across  different  areas  of 
mathematics"  (p.  15).  Within  the  Algebra  Standard  of  the  NCTM  Standards  (2000),  K- 
12  students  are  expected  to  "understand  patterns,  relations,  and  functions"  (p.  37). 
Secondary  school  students  are  expected  to  "convert  flexibly  among,  and  use  various 
representations"  (p.  296)  of  functions.  As  students  work  with  "multiple  representations  of 
functions  -  including  numeric  [tables],  graphic,  and  symbolic  [algebraic]  -  they  will 
develop  a  more  comprehensive  understanding  of  functions"  (p.  38).  Within  the 
Representation  Standard,  the  NCTM  Standards  (2000)  state  that  students  should  be  able 
to  "select,  apply,  and  translate  among  mathematical  representations  to  solve  problems; 
and  use  representations  to  model  and  interpret  physical,  social,  and  mathematical 
phenomena"  (p.  67). 

In  Crossroads  in  Mathematics:  Standards  for  Introductory  College  Mathematics 
before  Calculus,  the  American  Mathematical  Association  of  Two- Year  Colleges 
(AMATYC,  1995)  also  stresses  the  importance  of  the  function  concept  in  mathematics 
education.  As  the  College  Standards  content  standard  C-4  states  "students  will 
demonstrate  understanding  of  the  concept  of  function  by  several  means  (verbally, 
numerically,  graphically,  and  symbolically)  and  incorporate  it  as  a  central  theme  into 
their  use  of  mathematics"  (AMATYC,  1995,  p.  13).  The  College  Standards  further  states 
that  students  "will  formulate  such  (functional)  relationships  when  presented  in  data  sets, 
and  transform  functional  information  from  one  representation  to  another.  Suggested 
topics  include  generalization  about  families  of  functions,  use  of  functions  to  model 
realistic  problems,  and  the  behavior  of  functions"  (AMATYC,  p.  13). 
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Content  standard  C-2  of  the  College  Standards  states  that  "students  will  translate 
problem  situations  into  their  symbolic  representations  and  use  those  representations  to 
solve  problems"  (AMATYC,  1995,  p.  13).  The  College  Standards  emphasize  the  use  of 
a  "combination  of  appropriate  algebraic,  graphical,  and  numerical  methods  to  form 
conjectures  about  problems"  (p.  13).  Suggested  topics  include  the  translation  of  realistic 
problems  into  mathematical  statements  (modeling)  as  well  as  the  solutions  of  equations 
by  graphical,  algebraic,  and  numerical  techniques. 

The  historical  development  of  the  function  concept,  the  history  of  the  function 
concept  in  mathematics  education,  and  the  mathematics  education  standards  of  today 
demonstrate  that  the  idea  of  multiple  representations  is  important.  In  addition,  the 
historical  development  of  functions  clearly  shows  that  the  concept  of  function  is 
complex,  is  understood  with  great  difficulty,  and  is  prone  to  misconceptions.  The 
following  two  sections  look  at  multiple  representations  and  student  difficulties  within  the 
context  of  today's  literature  on  the  teaching  and  learning  of  the  function  concept. 

Multiple  Representations 

Student  understanding  of  the  multiple  representations  of  functions  and  the  ability 
to  translate/connect  from  one  representation  to  another  is  an  important  aspect  of 
understanding  the  concept  of  function  (AMATYC,  1995;  NCTM,  2000).  A  function  can 
be  represented  in  a  variety  of  ways.  The  historical  development  of  the  function  concept 
includes:  numeric/tables,  graphs,  algebraic  expressions,  verbal/written  descriptions,  and 
the  Dirichlet-Bourbaki  definition.  Current  researchers  echo  these  views.  For  example, 
according  to  Tall  (1996)  the  function  concept  manifests  itself  in  five  representations: 

1 .    visuo-spatial,  from  observing  and  experiencing  distance,  velocity,  etc.; 
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2.  numeric,  that  can  be  manipulated  and  computed; 

3.  symbolic,  using  algebraic  symbols  and  expressions; 

4.  graphic,  using  graphs;  and 

5.  formal,  using  the  Dirichlet-Bourbaki  definition. 

While  the  abstract  Dirichlet-Bourbaki  representation  of  function  is  oftentimes 
viewed  from  a  mathematical  perspective  as  having  high  status,  the  "richer  features  of  the 
other  [representation]  systems  can  support  the  building  and  interrelating  of  cognitive 
structures"  (Kaput,  1989,  p.  170).  The  numeric  (table),  symbolic  (algebraic),  and  graphic 
representations  mediate  between  the  formal/abstract  representation  and  the  "infinitely 
varied  features  of  the  world  they  model"  (Kaput,  1989,  p.  170).  Due  to  this  facilitating 
bridge  as  well  as  due  to  the  role  of  technological  advances,  students  can  represent  a 
function  in  three  main  ways:  (a)  in  a  graph,  (b)  in  an  ordered  pair  table,  and  (c)  as  an 
algebraic  expression  (Romberg  et  al.,  1993). 

The  graphical,  tabular,  and  algebraic  representations  of  function  occur  throughout 
undergraduate  mathematics,  including  college  algebra.  These  three  representations  are 
also  seen  throughout  calculus,  with  technology-oriented  calculus  reform  somewhat 
restricting  the  use  of  algebraic  manipulations  in  favor  of  stressing  the  connections 
between  the  algebraic,  numeric,  and  graphical  approaches  (Harel  &  Trgalova,  1996).  In 
solving  differential  equations  in  calculus,  Artigue  (1992)  proposed  approaches  from  these 
three  representations  in  order  to  get  the  exact  solution  from  the  algebraic  representation, 
an  approximate  solution  from  the  numerical  representation,  and  the  qualitative  solution 
from  the  graphical  representation. 
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Pinzka's  (1999)  study  of  college  calculus  students  clearly  demonstrated  the 
importance  of  multiple  representations  of  the  function  concept  in  calculus.  In  particular, 
she  related  students'  understanding  of  the  derivative  concept  to  the  students'  (a) 
geometric  concept  image  of  function,  (b)  ability  to  understand  and  interpret  graphs  of 
functions,  and  (c)  ability  to  make  connections  among  the  various  representations  of 
functions. 

Eisenberg  (1992)  stressed  the  importance  of  the  graphical  representation  of 
function  because  (a)  the  ability  to  solve  problems  visually  represents  a  deeper 
understanding  than  if  one  only  has  the  ability  to  solve  algebraically,  and  (b) 
mathematicians  use  visual/graphical  exploration.  For  Eisenberg  (1992),  "single-valued 
real  variable  functions  should  be  thought  of  as  being  inherently  tied  to  a  graphical 
representation,  and  all  elementary  concepts  concerning  functions  [should]  be  defined  in  a 
visual  format"  (Eisenberg,  1992,  p.  159). 

According  to  Kaput  (1989),  the  different  representations  of  functions  provide 
different  strengths.    The  graphical  representation  of  a  function  allows  us  to  "consolidate 
a  binary  quantitative  relationship  into  a  single  graphical  entity  -  a  curve  or  a  line"  (p. 
172)  with  which  one  can  reason.  A  table  of  data  displays  data  that  is  more  quantitative  in 
nature  where  changes  in  data  values  can  be  explicitly  read  from  the  table.  The  algebraic 
expression,  such  as  y  =  2x+3,  explicitly  provides  the  quantitative  relationship  between  x 
and  y.  This  relationship  is  hidden  in  the  graphical  and  tabular  representations  of  the  same 
function.  In  terms  of  the  domain  of  the  function,  the  domain  is  implied  in  the  algebraic 
expression  in  the  sense  that  the  student  must  provide  input  values  x,  but  the  tabular  and 
graphical  representations  make  the  domain  more  explicit  (Kaput,  1989).  Knowing  the 
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strengths  of  the  various  representations  and  when/how  to  use  them  is  an  important  part  of 
understanding  the  function  concept. 

Moschkovich  et  al.  (1993),  Eisenberg  (1992),  and  Kaput  (1989)  all  stressed  the 
importance  of  seeing  the  connections  between  representations.  Knowledge  of  the 
different  representations  should  not  be  compartmentalized.    For  example,  "the  zeros  of  a 
function  should  be  thought  of  as  points  where  the  graph  crosses  the  x-axis"  (Eisenberg, 
1992,  p.  159).  For  Eisenberg  (1992),  a  student  with  good  function  sense  should  be  able  to 
count  the  number  of  solutions  to  the  equation  sin(x)  =  x  by  graphically  visualizing  the 
graphs  of  y  =  sin(x)  and  y  =  x. 

For  Kaput  (1989),  mathematical  meaning  resides  in  the  connections  of 
representational  systems.  In  particular,  meaning  comes  from:  (a)  translations  between 
mathematical  representation  systems  (graphs,  tables,  algebraic  expressions),  (b) 
translations  between  mathematical  representation  systems  and  non-mathematical  systems 
(modeling  an  algebraic  expression  from  a  written  description  for  example),  (c) 
transformations  and  operations  within  a  mathematical  representation  system  (simplify  the 
algebraic  expression,  shift  the  graph,  etc.),  and  (d)  through  the  reification  of  actions, 
procedures,  and  concepts  into  objects  that  can  serve  as  the  basis  for  new  actions, 
procedures,  and  concepts  at  a  higher  level  of  organization  (Piaget's  reflective 
abstraction). 

Not  only  are  multiple  representations  important,  but  multiple  perspectives  are  also 
important.  An  algebraic  expression,  for  example,  can  be  viewed  in  terms  of  a 
process/procedure  or  an  object/structure  (Sfard,  1991).  From  the  process  perspective,  a 
function  is  viewed  as  linking  x  and  y  values.  For  each  x  value,  the  function  has  a 
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corresponding  y  value.  From  the  object  perspective,  a  function  and  its  representations  are 
thought  of  as  entities  -  for  example,  algebraically  as  classes  of  functions  or  as  graphs  that 
can  be  picked  up  whole  and  shifted,  rotated,  or  reflected  (Moschkovich  et  al.,  1993). 

For  Moschkovich  et  al.  (1993),  competent  understanding  of  the  function  concept 
"consists  of  being  able  to  move  flexibly  across  representations  (tabular,  graphical,  and 
algebraic)  and  perspectives  (process  and  object),  where  warranted:  to  be  able  to  "see" 
lines  in  the  plane,  in  their  algebraic  form,  or  in  tabular  form,  as  objects  when  any  of  those 
perspectives  is  useful,  but  also  to  switch  to  the  process  perspective  (in  which  an  x  value 
of  the  function  produces  a  y  value),  where  that  perspective  is  appropriate"  (p.  97). 
Moschkovich  et  al.  (1993)  provide  numerous  examples  of  problems  in  which  students 
must  connect  between  different  representations  (table,  graph,  equation)  of  a  function 
and/or  different  perspectives  (process/object)  in  order  to  solve  the  problems. 

Research  indicates  that  developing  this  ability  is  difficult  (Moschkovich  et  al., 
1993).  According  to  Kieran  (1992),  both  process  (procedural)  and  object  (structural) 
conceptions  of  function  are  important,  but  the  challenge  is  to  develop  the  ability  to  move 
back  and  forth. 

Research  indicates  that  activities  that  involve  the  use  of  multiple  representations 
of  functions  (tables,  graphs,  algebraic  expressions)  lead  to  a  broader  understanding  of  the 
function  concept  (Confrey  &  Doerr,  1996;  NCTM,  2000).  With  technological  tools, 
students  can  easily  display  representations  of  functions  that  were  formerly  only  available 
in  the  mind's  eye  (Heid,  1995),  thereby  possibly  enhancing  their  understanding  of  the 
function  concept. 
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In  a  study  consisting  of  98  undergraduate  students,  Johari  (1998)  randomly 
assigned  students  taking  a  computer  literacy  course  into  one  of  two  treatment  groups. 
Both  treatment  groups  used  self-paced  software  that  contained  instruction  to  facilitate  the 
understanding  of  (input  and  output)  variables  as  well  as  the  construction  of  linear 
functions  in  word  problem  contexts.  The  first  treatment  group's  software  contained  a 
table  representation  of  functions.  The  software  for  the  second  treatment  group  was 
identical  to  the  first  with  the  addition  of  a  graphical  representation  of  function.  The  post- 
test  measured  the  ability  to  construct  functions  as  well  as  the  understanding  of  variables. 
The  table-graph  treatment  group  scored  significantly  higher  on  achievement  post-tests 
than  the  table-only  treatment  group.  Johari's  study  indicates  that  when  students  are 
provided  activities  involving  multiple  representations,  they  develop  a  deeper 
understanding  of  the  function  concept. 

Technological  environments  alter  the  static  display  character  of  some 
representation  systems  and  provide  new  forms  of  actions.  For  example,  with  some 
graphing  utility  software  the  learner  can  directly  manipulate  a  static  graph.  According  to 
Kaput  (1989),  most  of  the  mathematics  related  to  algebra  was  developed  under  the 
constraint  of  static  displays  and  difficult  and  time-consuming  computations.  The 
availability  of  technology,  however,  has  lifted  these  constraints.  Technology  use 
supports  (a)  transformations  within  the  algebraic  representation  system  through 
Computer  Algebra  Systems  (CAS)  that  manipulate  algebraic  symbols,  (b)  dynamic 
linkages  between  representation  systems,  (c)  new  actions  within  representation  systems, 
(d)  intelligent  tutoring  within  representation  systems,  and  (e)  the  capturing  and 
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generalizing  of  actions  into  repeatable,  nameable,  and  inspectable  procedures  (Kaput, 
1989). 

Computers  can  support  multiple  linked  representations.  The  correspondence 
between  representations  is  explicitly  and  immediately  made.  The  software  can  link  the 
action  components  and  the  visual  display  of  multiple  representations,  so  students  can  act 
on  (manipulate)  one  representation,  then  see  the  effect  of  that  action  on  both  that 
representation  and  other  representations.  For  example,  a  student  can  simultaneously  see 
the  effect  of  changing  an  algebraic  expression  through  the  displays  of  the  modified 
algebraic  expression  as  well  as  the  displays  of  the  related  graphical  and  tabular 
representations.  By  having  multiple  representations  available  for  manipulation  (action) 
as  well  as  visual  display  on  the  computer,  a  student  does  not  have  to  rely  on  a  single 
representation,  with  its  inherent  weaknesses  (Kaput,  1989).  The  strengths  of  the  various 
representations  are  all  available.  "In  this  type  of  environment  the  computations  required 
to  translate  actions  across  representations  are  done  by  the  computer,  leaving  the  student 
free  to  perform  the  actions  and  monitor  their  consequences  across  the  representations" 
(Kaput,  1989,  p.  179).  Most  importantly,  "the  cognitive  linking  of  representations  creates 
a  whole  that  is  more  than  the  sum  of  its  parts"  (Kaput,  1989,  p.  179). 

The  actions  performed  by  a  student  in  any  single  representation  system  to  perform 
a  task  vary.  For  example,  to  solve  an  equation  using  a  table  with  technology,  one  must 
generate  multiple  columns  of  the  table  using  step-sizes  for  the  variable  column  and 
algebraic  expressions  for  the  other  two  columns.  Yet,  with  a  graphical  approach  to  solve, 
the  graphs  are  generated  from  the  algebraic  expressions  of  the  equation,  then  tracing  can 
yield  an  approximate  solution.  Kaput  (1989)  recommends  the  linkage  of  at  least  two 
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representation  systems.  For  example,  while  the  learner  solves  an  equation  algebraically, 
the  computer  can  display  both  the  algebraic  equation  and  the  graphs  of  both  sides  of  the 
equation  at  each  step.  The  transformations  within  the  algebraic  system  will  be 
accompanied  by  the  corresponding  transformation  of  the  graphs.  If  the  x-coordinate  of 
the  intersection  changes,  then  an  incorrect  algebraic  transformation  was  performed 
(Kaput,  1989).  Using  technology,  students  can  see  and  evaluate  the  results  of  actions 
taken  without  the  cognitive  difficulties  and  large  amounts  of  time  that  is  required  using 
paper-and-pencil  methods. 

With  technology,  multiple  graphical  displays  are  available  in  a  short  amount  of 
time,  and  "students  are  free  to  move  and  manipulate  graphical  objects  just  as  we  have 
always  been  free  to  manipulate  algebraic  objects"  (Kaput,  1989,  p.  185).  Through  point- 
and-click  mouse  motions,  graphical  objects  can  be  transformed  through  reflections  and 
vertical/horizontal  shifts. 

The  strength  of  a  computer-based  learning  environments  is  (a)  they  provide 
students  with  the  ability  to  visually  represent  graphs,  algebraic  expressions,  and  tables  in 
much  the  same  way  they  are  traditionally  represented;  (b)  they  support  student  interaction 
with  mathematical  objects;  and  (c)  they  support  dynamic  linkages  between  the 
representational  systems  (Kaput,  1989). 

The  use  of  technological  graphing  tools  elevates  the  importance  of  the 

domain/range  component  of  the  function  concept.  According  to  Ruthven  (1996), 

This  new  emphasis  on  visualizing  through  graphs  has  important  curricular 
implications:  in  particular,  it  increases  the  importance  of  developing 
understanding  of  the  scaling  of  axes  [domain/range]  and  the 
transformation  of  graphs,  as  well  as  the  relationships  between  symbolic 
[algebraic]  and  graphic  representations,  (p.  459) 
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According  to  Schultz  and  Waters  (2000),  students  can  find  approximate  solutions 
to  equations  and  systems  of  equations  using  the  zoom/trace  features  of  technological 
tools  on  the  graphical  representation  of  the  accompanying  functions.  This  capability 
provided  by  technological  tools,  however,  requires  that  students  obtain  the  additional 
ability  to  estimate  domain  and  range  (Schultz  &  Waters,  2000). 

To  summarize,  the  ability  to  work  within  a  variety  of  representations,  to  translate 
between  those  representations,  and  to  have  a  strong  connection  between  representations 
when  problem-solving  is  an  important  aspect  of  understanding  the  concept  of  function. 
According  to  Schultz  and  Waters  (2000),  in  order  to  increase  problem-solving  abilities 
and  facilitate  the  understanding  of  concepts,  students  need  to  be  familiar  with  the  various 
representations  and  have  the  opportunity  to  choose  and  create  suitable  representations 
(Schultz  &  Waters,  2000).  In  addition,  having  the  ability  to  view  a  representation  as  a 
process  or  an  object,  when  appropriate,  is  also  important.  Lastly,  technological  tools 
allow  students  to  display  multiple  representations  of  functions  that  may  facilitate 
conceptual  understanding  of  the  function  concept.  With  these  tools  comes  an  increased 
importance  on  domain  and  range.  There  are,  however,  many  questions  that  remain. 
According  to  Keller  and  Hirsch  (1998),  "while  the  need  for  students  to  use  and  reason  on 
multiple  representations  is  widely  accepted,  the  research-based  knowledge  on  how  to  best 
accomplish  this  goal  is  just  beginning  to  emerge"  (p.  1).  This  research  study  focuses  on 
the  algebraic  and  graphical  representations  of  function  as  well  as  the  domain  and  range  of 
functions. 
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Difficulties  and  Misconceptions 

The  concept  of  function  involves  many  concepts  (domain,  range,  relationship, 
unique,  etc.)  and  many  abilities  (identify,  define,  translate,  model,  reify,  etc.).  According 
to  Eisenberg  (1992),  even  college  students  who  have  taken  a  number  of  mathematics 
courses  do  not  have  much  understanding  of  the  concept  of  function.  Research  indicates 
that  a  major  cause  of  this  lack  of  understanding  is  the  complexity  of  the  concept  (Carlson, 
1998;  Markovits  et  al.,  1988;  Vinner,  1976).  "Gaining  an  understanding  of  the  many 
components  of  the  function  concept  is  complex.  It  requires  acquisition  of  a  language  for 
talking  about  its  many  features  and  the  ability  to  translate  that  language  into  several 
different  representations"  (Carlson,  1998,  p.  137). 
Identify  and  Define 

The  complexity  of  the  function  concept  is  aggravated  by  the  differing  views  of 
definitions  by  the  mathematical  community  (teachers)  and  people  in  general  (students). 
According  to  Vinner  (1976),  the  structure  of  mathematics  is  formalist.  Undefined 
primitive  terms  are  used  to  define  nonprimitive  terms.  The  sentence  that  provides  the 
meaning  of  nonprimitive  terms,  such  as  function,  is  called  a  definition.    Definitions  then 
become  a  major  part  of  the  mathematical  structure  and  play  a  major  role  in  proving 
theorems. 

While  high  school  and  college  mathematics  teachers  have  a  formalist  view  of  the 
structure  of  mathematics,  at  least  92%  of  college  students  do  not  (Vinner,  1976).  Instead, 
students  view  mathematical  definitions  as  lexical  definitions.  In  a  lexical  definition,  the 
meaning  of  a  word  is  explained  by  other  words.  When  a  concept  has  several  different, 
but  closely  related  meanings,  people  oftentimes  assign  it  the  first  meaning  they 
saw/understood  (Vinner,  1976).  For  the  vast  majority  of  students,  the  function  definition 
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can  be  viewed  as  a  lexical  definition.  It  is  composed  of  other  words  (domain,  range, 
rule/correspondence,  unique),  and  oftentimes  students  think  of  a  function  as  being  an 
algebraic  expression,  a  graph,  a  linear  function,  etc.,  depending  on  how  they  were  first 
exposed  to  the  function  concept  (Tall  &  Vinner,  1981). 

Viewing  the  definition  of  function  as  a  lexical  definition  can  lead  to  a  limited 
concept  image  of  function.  In  a  study  of  ninth  and  tenth  graders,  Markovits  et  al.  (1988) 
identified  consistent  misconceptions  among  the  students.  Markovits  et  al.  (1988)  found 
the  following  misconceptions  in  students'  concept  images:  (a)  every  function  is  a  linear 
function,  (b)  discontinuous  functions  (graphical  representation)  are  not  viewed  as 
functions,  and  (c)  piecewise-defined  functions  (algebraic  representations)  are  not  viewed 
as  functions. 

In  a  study  of  student  understanding  of  the  concept  of  function  among  65  tenth  and 
eleventh  graders  in  Israeli  high  schools,  Vinner  (1983)  focused  on  the  ability  to  identify 
and  construct  functions.  Vinner  found  that  students  use  concept  images,  not  the  concept 
definition,  when  faced  with  a  task.  The  (formal)  definition  of  the  concept  remains  unused 
or  is  forgotten.  Teachers  assume  that  students  will  use  the  concept  definition  when  faced 
with  a  task,  so  there  is  no  need  for  numerous  examples,  but  this  is  a  false  assumption 
(Vinner,  1983).  Vinner  found  that  students  tended  to  view  a  function  as  an  algebraic 
formula  or  as  involving  manipulations  of  doing  something  with  numbers  (action/process 
view).  According  to  Vinner  (1983),  activities  need  to  provide  students  with  examples 
that  help  form  the  desired  concept  image  throughout  the  entire  period  of  learning,  not  just 
at  the  beginning  (of  the  chapter).  Vinner  (1983)  further  promotes  finding  interesting 
examples  in  the  right  context. 
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Vinner  and  Dreyfus  (1989)  studied  271  first-year  college  students  at  the 
beginning  of  their  calculus  course  and  36  junior  high  school  teachers  in  Israel.  A  50-item 
questionnaire  consisting  of  identification  and  construction  items  to  assess  function 
understanding  was  administered  and  analyzed.  Upon  comparing  students'  images  of  the 
function  concept  with  their  (formal)  definition,  the  researchers  found  that  many  of  the 
definitions  and  images  were  very  primitive  among  all  participants  except  the  mathematics 
majors  and  teachers.  They  also  frequently  found  discrepancies  between  the  concept 
image  and  definition  for  participants  who  gave  the  Dirichlet-Bourbaki  definition.  Student 
definitions  of  functions  were  placed  into  one  of  six  categories: 

1 .  Correspondence:  A  function  is  any  correspondence  between  two  sets 
that  assigns  to  every  element  in  the  first  set  exactly  one  element  in  the 
second  set  (Dirichlet-Bourbaki  definition). 

2.  Dependence  Relation:  A  function  is  a  dependence  relation  between 
two  variables  (y  depends  on  x). 

3 .  A  function  is  a  rule  that  has  some  kind  of  regularity. 

4.  Operation:  A  function  is  an  operation  or  a  manipulation  (one  acts  on  a 
given  number,  generally  using  algebraic  operations,  in  order  to  gets  its 
image). 

5.  Formula:  A  function  is  a  formula  (algebraic  expression)  or  equation. 

6.  Representation:  A  function  is  identified  with  one  of  its  graphical  or 
symbolic  representations.  (Vinner  &  Dreyfus,  1989,  pp.  359-360) 

In  the  Vinner  and  Dreyfus  (1989)  study,  only  27%  of  the  307  sampled  students 
gave  the  Dirichlet-Bourbaki  correspondence  definition. 

Leinhardt  et  al.  (1990)  identified  function  concept  difficulties  for  first-year 
(middle  school  or  high  school)  algebra  students.  They  found  that  students  desire 
"regularity."  In  particular,  students  (a)  only  consider  "regular"  graphs  as  graphs  of 
functions,  (b)  default  to  properties  of  linear  functions  when  problem-solving,  and  (c)  have 
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a  tendency  to  connect  points  when  graphing  because  it  looks  better  (Leinhardt  et  al., 
1990). 

In  a  review  of  student  misconceptions  concerning  the  function  concept,  Tall 
(1996)  identified  the  following  common  misconceptions  that  students  have  concerning 
the  function  concept:  (a)  graphs  that  look  familiar,  such  as  the  unit  circle,  are  functions; 
(b)  a  function  is  a  formula  (algebraic  expression);  (c)  if  y  was  a  function  of  x,  then  it  must 
include  x  in  the  formula;  (d)  the  graph  of  a  function  must  have  a  recognizable  shape  (line, 
parabola,  etc.);  and  (e)  the  graph  of  a  function  must  have  certain  continuous  properties. 

In  a  review  of  research  on  the  function  concept,  Harel  and  Trgalova  (1996) 
echoed  many  of  these  misconceptions.  In  particular,  Harel  and  Trgalova  (1996) 
identified  the  following  misconceptions  among  students:  (a)  a  function  is  a  "regular" 
graph,  (b)  the  graphical  representation  must  be  continuous,  (c)  a  function  is  a  formula 
(algebraic  expression),  (d)  a  function  involves  manipulations  such  as  inputting  x  to  get  y, 
and  (e)  a  function  is  a  formula  with  x  in  it.  Interestingly,  students  did  not  recognize  the 
algebraic  expression  y  =  4  as  a  function,  but  the  graphical  representation  of  y  =  4  was 
recognized  as  a  function. 

In  a  study  of  college  algebra  students,  Adams  (1997)  also  found  that  students  had 
difficulty  with  the  Dirichlet-Bourbaki  definition  of  function.  Upon  analyzing  the 
definitions  of  functions  provided  by  students,  Adams  found  that  73%  of  students  who 
provided  a  definition  gave  an  ordered  pair  representation.  The  second  most  common 
definition  was  a  graphical  representation.  The  students'  concept  image  of  function  was 
dominated  by  the  vertical  line  test.  Lastly,  80%  of  students  who  provided  an  acceptable 
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definition  of  function  either  did  not  use  or  inaccurately  used  the  definition  when 
responding  to  other  items. 

Carlson  (1998)  studied  function  concept  understanding  among  college  algebra, 
second-semester  calculus,  and  first-year  mathematics  graduate  students.  She 
administered  a  function  assessment  and  conducted  interviews  of  five  students  from  each 
group  who  had  just  made  a  grade  of  "A"  in  their  mathematics  course.  She  found  that 
college  algebra  students  had  a  narrow  view  of  the  function  concept.  In  particular,  college 
algebra  students  believed  all  functions  can  be  defined  by  a  single  formula  (algebraic 
expression)  and  thought  functions  must  be  continuous  (Carlson,  1998). 

A  synthesis  of  research  by  Schwarz  and  Hershkowitz  (1999)  also  indicates  that 
students  have  a  limited  view  of  the  function  concept  as  linear.  Examples  of  functions  and 
their  attributes  are  judged  in  terms  of  the  linear  function  and  its  attributes  (the  graph  is  a 
straight  line,  the  line  is  determined  by  two  points,  the  rate  of  change  is  constant,  values 
can  be  obtained  by  interpolation  and  extrapolation)  instead  of  the  mathematical  definition 
of  function. 
Domain  and  Range 

Markovits  et  al.  (1988),  Sfard  (1992),  and  Adams  (1997)  found  that  students  have 
difficulty  with  domain  and  range.  In  a  study  of  ninth  and  tenth  graders,  Markovits  et  al. 
(1988)  found  that  students  ignore  the  domain  and  range  of  the  function.  For  example, 
when  asked  to  draw  the  graph  of  h(x)  ■  3  for  domain  {natural  numbers}  and  range 
{natural  numbers},  students  ignored  the  domain  and  range  given,  drawing  the  horizontal 
line  with  domain  {real  numbers}  instead.  In  order  to  "convince  students  that  the  function 
is  influenced  not  only  by  the  rule  of  correspondence  but  also  by  the  domain"  (p.  52), 


57 

Markovits  et  al.  (1988)  suggested  providing  examples  and  exercises  for  graphing  where 
the  formula  stays  the  same,  but  the  domain  and  range  change. 

Markovits  et  al.  (1988)  also  found  that  students  work  with  functions  better  in  the 
graphical  representation  than  in  the  algebraic  representation  (particularly  for  domain, 
range,  and  rule  of  correspondence),  yet  they  state  the  algebraic  representation  is  almost 
always  taught  in  the  curriculum  prior  to  the  graphical  representation.  They  suggested  that 
more  activities  should  be  done  in  graphical  form  during  the  early  development  of 
function  concepts. 

Adams  (1997)  found  that  students  have  difficulty: 

1 .  Finding  the  domain  and  range  of  functions  given  both  algebraically  and 
graphically, 

2.  Identifying  functions  that  satisfy  given  domain  and  range  restrictions, 

3.  Choosing  appropriate  domain  and  range  restrictions  with  proper  scales  to 
provide  complete  graphical  representations  of  functions,  and 

4.  Recognizing  the  effect  that  a  domain  restriction  and  axes  scaling  has  on  the 
graphical  representation  of  a  function. 

Adams  (1997)  promoted  activities  that  emphasize  domain  and  range,  the 
graphical  representation  of  function,  and  multiple  representations  in  the  algebra 
curriculum. 

In  a  study  that  included  four  sections  of  college  algebra  students,  Caldwell  (1995) 
found  that  students  who  had  access  to  graphing  utilities  were  able  to  graphically  find  the 
domain  of  functions.  These  results  support  Kaput' s  (1989)  view  that  the  graphical 
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representation  of  function  makes  the  domain  more  explicit  than  the  algebraic 

representation. 

Representations  and  Translations 

Markovits  et  al.  (1988)  found  that  students  have  difficulty  finding  x-coordinates 
(preimages)  and  y-coordinates  (images)  on  a  given  graph.  According  to  Ruthven  (1996), 
students  find  the  following  areas  of  graphical  representation  difficult:  the  idea  of  ordered 
pairs  of  projections,  of  graphs  as  collections  of  points,  and  of  the  interval  characteristics 
of  graphs.  Furthermore,  the  absence  of  numeric  values  on  the  axes  displayed  on  the 
screen  might  further  aggravate  an  area  of  student  difficulty:  understanding  how  the 
scaling  of  axes  (domain/range)  interacts  with  the  visual  appearance  of  a  graph  (Ruthven, 
1996). 

According  to  Leinhardt  et  al.  (1990),  students  have  difficulty  (a)  connecting 
information  from  different  settings  (compartmentalization),  (b)  interpreting  graphs,  (c) 
translating  between  algebraic  and  graphical  representations,  and  (d)  translating  from  a 
table  of  values  to  an  algebraic  expression.  In  addition,  students  have  a  pointwise  focus 
when  working  with  the  graphical  representation  of  function.  This  pointwise  focus  causes 
students  to:  (1)  not  use  the  pattern  of  the  graph  to  get  an  equation,  and  (2)  emphasize 
single  points  at  the  expense  of  intervals  and  slope  (Leinhardt  et  al.,  1990). 

In  a  review  of  research  studies,  Eisenberg  (1992)  found  that  students  have  a 
strong  tendency  to  think  of  functions  algebraically  rather  than  graphically,  even  if  they 
are  explicitly  guided  to  graphical  methods.  He  states  that  this  tendency  is  due  to  the 
student  belief  that  mathematical  communication  means  analytic  communication,  and  due 
to  students'  weakness  in  the  skills  of  graph  interpretation  and  graph  creation  that  are 
needed  to  use  graphs  in  problem-solving.  This  is  due  to  the  fact  that  students  are  not 
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explicitly  taught  graphical  problem-solving  skills,  but  instead  are  expected  to  get  it  on 
their  own  (Eisenberg,  1992). 

Carlson  (1998)  found  that  college  algebra  students  were  unable  to  interpret 
information  in  a  graphical  model.  For  example,  the  graph  of  car  speed  as  a  function  of 
time  was  interpreted  as  the  path  of  the  car.  She  also  found  that  students  had  a  pointwise 
view  of  functions.     While  they  could  interpret  points  on  a  graph,  they  had  difficulty 
interpreting  graphical  function  information  over  intervals. 

According  to  Adams  (1997),  students  have  difficulty  translating  from  the 
algebraic  to  the  graphical  representation  of  functions.  Markovits  et  al.  (1988)  found  that 
students  have  more  difficulty  translating  from  graph  to  algebra  than  from  algebra  to 
graph.  In  a  study  of  284  college  preparatory  high  school  students,  Knuth  (2000)  found 
that  students  are  routinely  given  equation-to-graph  translations,  but  they  have  difficulty 
with  graph-to-equation  translations.  In  Knuth' s  study,  problems  were  designed  to 
encourage  a  graphical  solution,  but  students  overwhelmingly  turned  to  algebraic  methods 
with  apparent  lack  of  awareness  of  simpler  graphical  solution  techniques.  Many  students 
seemed  to  think  the  graph  was  unnecessary  or  only  used  to  support  algebraic  solution 
methods. 

Eisenberg  (1992)  found  that  students  have  difficulty  with  multiple  representations 
of  the  function  concept,  particularly  when  moving  from  a  graphical  framework  to  an 
algebraic  one.  In  their  review,  Harel  and  Trgalova  (1996)  noted  that  students  have 
difficulty  connecting  the  different  representations  of  function  (graphical,  tabular,  and 
algebraic). 
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Reify 

Students  tend  to  view  a  function  as  an  action,  process,  or  procedure  (Carlson, 
1998;  Markovits,  1988;  Sfard,  1992;  Slavit,  1994;  Vinner,  1983;  Vinner  &  Dreyfus, 
1989).  Reification,  or  beginning  to  view  a  function  as  an  object,  is  very  difficult  for 
students.  According  to  Sfard  (1992),  the  vast  majority  of  students  view  a  function  as  a 
computational  process  even  after  instruction  centered  on  the  object  view  of  function.  In  a 
research  study  among  college  students,  O'Callaghan  (1998)  concluded  "the  general 
indications  here  were  that  this  level  of  abstraction  was  beyond  the  reach  of  both  [control 
and  treatment]  groups"  (p.  36)  Similarly,  Hollar  and  Norwood  (1999)  found  that  students 
in  both  the  traditional  and  graphing  calculator  groups  showed  great  difficulty  on  the  reify 
component  of  function  understanding. 

According  to  Sfard  and  Linchevski  (1994),  students  confuse  the  concept  of 
function  with  its  representations,  thereby  obtaining  a  concept  image  of  function  as  a 
graph  or  an  algebraic  expression.  By  settling  on  a  concept  image  based  on 
representations,  students  cannot  piece  together  the  view  of  function  as  a  whole/object 
(Sfard  &  Linchevski,  1994). 

According  to  Sfard  (1991),  the  formation  of  an  object  view  of  function  is  a 
lengthy  and  difficult  process,  "because  to  see  something  familiar  in  a  totally  new  way  is 
never  easy  to  achieve"  (p.  30).  In  a  study  of  college  students,  Carlson  (1998)  found  that 
an  individual's  view  of  the  function  concept  "evolves  over  a  period  of  many  years  and 
requires  an  effort  of  sense  making  to  understand  and  orchestrate  individual  function 
components  to  work  in  concert"  (p.  115).  However,  "the  rapid  pace  at  which  new 
information  is  presented  eliminates  needed  time  for  reflection  and  appears  to  encourage 
students  to  settle  for  superficial  understanding"  (p.  140).  According  to  Carlson  (1998), 
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providing  students  with  engaging  activities  and  time  for  reflection  may  promote  student 

understanding  of  the  function  concept. 

Model 

In  the  Vinner  and  Dreyfus  (1989)  study,  the  majority  of  students  could  not 
construct  a  function  representation  from  a  verbal  description  of  a  function  (translate 
verbal  to  algebraic  formula  or  verbal  to  graph).  Furthermore,  Carlson  (1998)  found  that 
college  algebra  students  could  not  represent  "real  world"  relationships  using  algebraic  or 
graphical  function  representations. 
Summary  of  Difficulties  and  Misconceptions 

Students  have  numerous  difficulties  and  misconceptions  related  to  the  function 
concept.  The  function  concept  is  a  complex  concept  that  requires  time  to  reflect  in  order 
to  understand  (Carlson,  1998).  Research  indicates  that  many  students  don't  know  the 
formal  definition  of  function,  and  when  they  do  know  the  formal  definition  they  tend  not 
to  use  it  when  problem-solving  (Adams,  1997;  Schwarz  &  Hershkowitz,  1999;  Vinner, 
1983;  Vinner  &  Dreyfus,  1989).  Common  misconceptions  as  indicated  by  the  review  of 
the  literature  include: 

1 .  A  function  must  be  linear  (Knuth,  2000;  Markovits  et  ah,  1988;  Schwarz  & 
Hershkowitz,  1999;  Tall  &  Vinner,  1981). 

2.  A  function  must  be  continuous  (Carlson,  1998;  Harel  &  Trgalova,  1996; 
Markovits  et  al.,  1988;  Tall,  1996). 

3.  A  function  must  be  an  algebraic  formula  (Carlson,  1998;  Eisenberg,  1992; 
Sfard,  1992;  Vinner,  1983;  Vinner  &  Dreyfus,  1989). 

4.  A  function  must  involve  manipulations,  actions,  or  processes  (Carlson,  1998; 
Sfard,  1992;  Vinner,  1983;  Vinner  &  Dreyfus,  1989). 
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5 .    A  function  must  be  a  formula  with  x  in  it  (Hard  &  Trgalova,  1 996;  Tall, 
1996). 

Students  have  great  difficulty  with  the  domain  and  range  components  of  the 
function  concept  (Adams,  1997;  Markovits  et  al,  1988).  Students  are  better  able  to 
determine  the  domain  when  working  in  the  graphical  representation  than  when  working 
in  the  algebraic  representation  (Caldwell,  1995;  Kaput,  1989;  Markovits  et  al.,  1988).  The 
use  of  graphing  utilities,  therefore,  may  enhance  understanding  of  the  concept  of 
function. 

The  ability  to  reify  the  function  concept  is  also  very  difficult.  Reification 
(reflective  abstraction)  requires  time  (Piaget  &  Garcia,  1989;  Sfard,  1991)  and  may  be 
promoted  by  the  use  of  computers  (Sfard  &  Linchevski,  1994). 

The  availability  of  technological  tools  may  facilitate  student  understanding  of  the 
function  concept.  The  next  sections  include  a  review  of  the  literature  related  to  the  use  of 
technology  to  enhance  student  understanding  of  the  function  concept. 

Technology  Standards 
Published  in  1995  by  the  American  Mathematical  Association  of  Two- Year 
Colleges  (AMATYC),  Crossroads  in  Mathematics:  Standards  for  Introductory  College 
Mathematics  before  Calculus  provides  the  most  detailed  principles  and  standards  for 
content  and  pedagogy  in  college  mathematics  before  calculus.  These  College  Standards 
include  the  use  of  technology  as  one  of  seven  basic  principles  that  form  the  foundations 
of  the  standards.  The  use  of  technology  is  promoted  in  all  three  of  the  categories  of 
standards:  standards  for  intellectual  development,  standards  for  content,  and  standards  for 
pedagogy.  Standard  1-6  of  the  intellectual  development  standards  states  that  "students 
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will  use  appropriate  technology  to  enhance  their  mathematical  thinking  and 
understanding  and  to  solve  mathematical  problems  and  judge  the  reasonableness  of  their 
results"  (AMATYC,  1995,  p.  1 1). 

According  to  the  College  Standards,  technology  "should  be  used  to  enhance  the 
study  of  mathematics  but  should  not  become  the  main  focus  of  instruction.  The  amount 
of  time  students  spend  learning  how  to  use  computers  and  calculators  effectively  must  be 
compatible  with  the  expected  gain  in  learning  mathematics"  (AMATYC,  1995,  p.  12)  in 
the  standard  1-6).  Further,  Standard  1-6  states  that  graphing  calculators  should  be  "among 
the  technology  staples  to  be  used  by  students"  (p.  12). 

Graphing  Calculators  and  the  Function  Concept 
According  to  Dunham  and  Dick  (1994),  the  graphing  calculator  provides  a  tool 
that  allows  multiple  representations,  including  numeric  and  graphical,  to  be  a  central  part 
of  the  mathematics  curriculum.  In  addition,  they  make  mathematical  modeling  with  real 
data  possible.  According  to  Wilson  and  Krapfl  (1994),  graphing  calculators 

•  quickly  and  easily  display  the  graphical  representation  of  a  large  number  of 
algebraic  expressions; 

•  provide  the  ability  to  adjust  the  scale  of  axes  (graphing  window)  and  to  trace 
points  to  analyze  function  graphs; 

•  provide  the  capability  for  students  to  build  conceptual  links  between  the 
algebraic,  graphic,  and  tabular  representations  of  functions; 

•  allow  students  to  solve  more  complex  real-world  problems  as  well  as 
problems  that  cannot  be  solve  algebraically;  and 

•  are  portable  and  relatively  inexpensive  (in  comparison  to  a  computer). 
According  to  Slavit  (1994),  the  key  benefits  of  a  graphing  calculator  include  the 

production  of  a  graphical  representation  and  the  capability  to  solve  problems  numerically. 
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Graphing  calculators  are  also  portable,  relatively  inexpensive,  and  provide  the  ability  to 
analyze  a  function  using  multiple  representations. 

In  their  review  of  the  literature  on  the  impact  of  graphing  calculators  on 
understanding  the  function  concept  in  secondary  and  early  college  students,  Wilson  and 
Krapfl  (1994)  also  point  out  the  following  potential  problems  with  graphing  calculator 


use: 


•  The  graphing  calculator  can  be  confusing  for  students,  even  after  instruction. 

•  When  faced  with  multiple  representations,  students  sometimes  make  incorrect 
connections  and  draw  incorrect  conclusions. 

•  Sometimes  graphs  are  not  presented  accurately  on  the  calculator. 

•  Over-reliance  on  the  graphing  calculator  may  impede  understanding  by 
shifting  authority  from  the  teacher  and  textbook  to  the  calculator  (instead  of  to 
the  student). 

Furthermore,  Wilson  and  Krapfl  (1994)  found  that  most  early  studies  on  graphing 
calculators  compared  achievement  and/or  attitude  as  measured  by  calculator  and  non- 
calculator  users.  They  found  many  claims  that  graphing  calculators  can  help  students 
"develop  a  deeper  understanding  of  and  appreciation  for  functions"  (p.  255).  For 
example,  graphing  calculators  allow  students  "to  view  the  three  most  common  function 
representations  (table,  graph,  and  formula)  and  build  conceptual  links  among  these 
representations"  (p.  254).  In  1994,  research  concerning  these  claims  related  to  the 
function  concept  was  just  beginning  to  emerge.  Wilson  and  Krapfl  identified  studies  by 
Ruthven  (1990),  Dunham  (1990),  and  Rich  (1990).  In  a  one-year  study  in  England  of  47 
secondary  pre-calculus  students  who  used  graphing  calculators  and  40  students  who  did 
not,  Ruthven  (as  cited  in  Wilson  &  Krapfl,  1994)  found  that  students  with  access  to 
graphing  calculators  make  stronger  links  between  graphic  and  algebraic  representations 
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of  functions.  When  asked  to  translate  a  graph  to  an  algebraic  expression,  the  graphing 
calculator  group  outperformed  the  control  group.  Ruthven  also  found  that  differences  in 
pretest  and  posttest  between  males  and  females  were  no  longer  present  on  the  posttest  for 
the  treatment  group. 

In  a  one-year  study  of  two  pre-calculus  classes  who  used  graphing  calculators  and 
three  who  did  not,  Rich  (1990)  found  no  significant  difference  in  overall  achievement  for 
calculator  and  non-calculator  groups.  In  addition,  she  found  that  students  in  the  graphing 
calculator  group  (a)  better  understood  the  global  features  of  graphs  (domain,  asymptotic 
behavior,  end  behavior),  (b)  learned  that  algebra  problems  can  be  solved  graphically,  and 
(c)  better  understood  the  connections  between  the  algebraic  representation  and  graphical 
representation  of  functions.  Based  on  their  review  of  the  literature,  Wilson  and  Krapfl 
(1994)  concluded  that  the  impact  of  graphing  calculators  on  secondary  and  early  college 
student  understanding  of  the  function  concept  is  not  yet  certain.  Since  their  review,  more 
research  has  been  conducted. 

Quesada  and  Maxwell  (1994)  studied  710  college  precalculus  students  over  three 
semesters.  The  experimental  group  used  graphing  calculators  with  a  text  written  for 
graphing  calculator  use.  The  traditional  control  group  used  a  "regular"  text  and  scientific 
calculators.  There  is  no  further  description  of  the  "traditional"  class,  but  the  experimental 
class  graphically  solved  equations  and  inequalities,  worked  real-life  applications  for  each 
topic,  discussed  the  domain  of  the  problem  situation,  and  found  both  "exact"  and 
"approximate"  solutions.  The  approximate  solution  was  not  accepted  if  the  exact 
solution  was  requested  on  an  exam.  The  graphing  calculator  group  scored  significantly 
higher  in  all  categories  of  the  final  exam,  including  functions,  graphs,  word  problems, 
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and  equations.  The  control  group,  however,  performed  better  on  the  multiple-choice 
items. 

In  a  year-long  case  study  at  a  private  high  school,  Slavit  (1994)  studied  18  Honors 
Algebra  students  in  one  class  for  the  entire  year  and  1 8  more  Honors  Algebra  students  in 
another  class  during  the  second  school  semester  only.  The  students  were  required  to 
purchase  Texas  Instruments  TI-8 1  graphing  calculators  for  the  class.  According  the 
Slavit  (1994),  the  graphing  calculators  were  "used  extensively  in  the  instruction  and 
course  assignments"  (p.  8).  Data  concerning  conceptual  understanding  was  gathered  for 
all  students  in  the  class  via  written  assessments.  In  addition,  three  students  who  were 
selected  by  the  teacher  and  the  researcher  agreed  to  participate  in  interviews  throughout 
the  school  year. 

Early  in  the  year,  student's  initially  viewed  a  function  in  terms  of  specific 
procedures  that  produce  an  output,  typically  from  an  algebraic  expression.  This  seems  to 
support  Sfard's  (1991)  view  of  the  development  of  the  function  concept  -  that  a  process 
view  of  function  is  necessary  prior  to  development  of  an  object  view  of  function. 
Throughout  the  year,  students  defined  a  function  as  a  relationship  between  sets,  but  they 
referred  to  specific  outputs  (procedural/process  terminology)  when  asked  to  discuss  what 
it  meant  or  when  faced  with  a  problem-solving  situation.  "All  but  one  example  of 
function  given  by  the  students  throughout  the  entire  year  was  in  symbolic  [algebraic] 
form,  and  most  were  examples  of  linear  expressions"  (Slavit,  1994,  p.  14).  As  student's 
conception  of  function  grew  during  the  year,  Slavit  found  the  following  positive  effects 
of  the  graphing  calculator  on  student  understanding  of  the  function  concept:  (a)  Students 
showed  a  multi-representational  concept  image  when  problem  solving,  with  some 
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students  relying  heavily  on  the  graphical  representation;  and  (b)  the  graphical  images  of 
the  graphing  calculator  strengthened  the  students'  object  view  (Sfard,  1991)  of  functions. 
Specifically,  67%  of  students  used  the  graphing  calculator  to  find  the  zeroes  of  f(x)  -  x2- 
4x-32,  and  41%  used  the  graphing  calculator  to  first  find  the  zeroes  of  the  function  f(x)  = 
x3+3x2-4x-12  when  asked  to  factor. 

After  instruction,  the  students  were  better  able  to  translate  between  graphical, 
algebraic,  and  numeric/tabular  representations  of  functions.  Translation  strategies  were 
most  advanced  (i.e.  more  likely  to  include  global  properties  of  a  graph  such  as  overall 
growth  instead  of  just  local  properties  such  as  individual  plotted  points)  for  translations 
involving  graphs,  providing  evidence  that  the  graphical  representation  facilitates  an 
object  view  of  function. 

In  addition,  Slavit  (1994)  identified  misconceptions  that  he  credited  to  graphing 
calculator  use.  Students  did  not  view  equations  that  "could  not  be  solved  for  y"  (p.  36)  as 
functions,  nor  did  they  view  functions  with  unusual  domain  restrictions  as  functions. 
Discontinuous  graphs  were  identified  as  non-functions  because  they  did  not  "look"  like  a 
function.  Students  did  not  refer  to  their  own  stated  definition  of  function  as  exactly  one 
output  for  each  input  when  determining  whether  these  graphs  were  functions,  indicating  a 
strong  graphical  concept  image.  The  misconception  that  some  graphs  could  not  be 
functions  because  one  could  not  find  an  equation  that  went  with  the  graph  was  also 
present. 

Domain  and  range  problems  were  also  evident.  When  given  symbolic  functions 
to  graph  whose  key  features  were  not  included  in  the  standard  [-10,10,-10,10]  graphing 
window,  most  students  knew  to  extend  the  range  of  y-coordinates  in  order  to  make  the 
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graph  continuous  (although  this  may  be  related  to  the  function  as  continuous 
misconception),  but  two-thirds  of  the  students  did  not  investigate  the  behavior  of  the 
graph  by  expanding  the  window  in  terms  of  the  x-coordinates  (domain). 

Caldwell  (1995)  studied  the  effect  of  graphing  calculator  use  on  college  algebra 
students  understanding  of  function  in  a  two-year  college.  The  study  included  four 
sections  with  two  instructors  each  teaching  one  control  section  and  one  treatment  section. 
The  control  section  instructors  and  students  used  scientific  calculators  while  the  treatment 
sections  instructors  used  a  Texas  Instruments  TI-81  overhead  display  and  students  were 
furnished  TI-8 1  graphing  calculators  to  use  during  the  entire  semester.  Students 
registered  for  a  class  at  a  specific  time,  then  they  were  randomly  placed  in  a  treatment  or 
control  section  (the  treatment/control  pairs  met  at  the  same  time).  The  treatment  class 
was  provided  with  instruction  on  how  to  use  the  graphing  calculator.  The  graphing 
calculator  was  used  for  performing  calculations,  graphing  functions  and  relations,  solving 
equations  and  inequalities,  and  solving  systems  of  equations  and  inequalities.  The 
control  sections  covered  the  same  topics,  but  used  graph  paper  and  traditional  paper  and 
pencil  techniques.  Caldwell  post-tested  for  conceptual  understanding  (function,  domain, 
range,  symmetry,  increasing/decreasing  function,  inverse,  translation,  and  intercept), 
procedural  understanding  (finding  the  slope  of  a  line,  domain,  range,  composition, 
intervals  of  increase/decrease,  solving  equations,  matching  function  and  graph),  and 
attitude  toward  mathematics.  The  graphing  calculator  treatment  group  scored 
significantly  higher  on  the  procedural  understanding  assessment.  There  was  no 
significant  difference  in  the  conceptual  understanding,  nor  in  attitude  toward 
mathematics. 
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In  addition,  Caldwell  (1995)  made  the  following  observations  during  the  study: 

•  To  produce  useful  graphs  of  functions,  students  need  algebraic  estimation 
skills  in  order  to  determine  a  reasonable  domain,  range,  and  scale  for  the  axes. 

•  Students  in  the  treatment  group  were  able  to  graphically  find  the  domain  of 
(rational)  functions. 

•  Many  students  were  frustrated  by  the  hands-on  learning  activities.  Most  were 
used  to  the  traditional  lecture  format  and  found  it  difficult  to  form  and  verify 
conjectures. 

•  It  was  less  time-consuming  to  teach  using  traditional  lectures  than  with  hands- 
on  learning  activities,  yet  the  hands-on  activities  helped  students  become  self- 
directed  learners. 

•  Use  of  the  graphing  calculator  saved  time  when  producing  graphs  and  allowed 
for  explorations  not  otherwise  possible. 

•  The  graphing  calculator  allowed  a  needed  change  in  focus  from  producing 
graphs  to  interpreting  graphs. 

Caldwell's  results  call  for  more  research  on  the  impact  of  graphing  calculators  on 
student  understanding  of  the  function  concept.  His  study  also  stressed  the  importance  of 
domain,  range,  and  translations  between  representations,  but  these  components  of  the 
function  concept  are  imbedded  in  assessment  instruments  that  include  other  components. 
The  effect  of  the  graphing  calculator  on  these  components  remains  largely  unknown. 

In  a  study  of  92  students  enrolled  in  pilot  sections  of  developmental  algebra  in 
four  community  colleges,  DeMarois  (1997)  sought  to  determine  the  effect  of  a  beginning 
algebra  course  that  focuses  on  functions  and  integrates  technology  "as  a  tool  to  explore 
mathematics"  (p.  1).  DeMarois  does  not  explain  in  any  detail  how  the  technology  was 
used,  but  it  appears  that  graphing  calculators  were  used  in  the  study.  All  students  in  the 
study  were  enrolled  in  the  technology  sections.  All  students  took  written  function 
surveys  at  the  beginning  and  end  of  the  course  to  assess  their  understanding  of  the 


70 

function  concept.  In  addition,  DeMarois  conducted  interviews  of  some  students.  A 
framework  that  categorizes  function  understanding  in  terms  of  breadth  and  depth  was 
used.  Breadth  consists  of  the  various  representations,  such  as  verbal,  numeric,  algebraic, 
graphic,  etc.  Depth  refers  to  the  layers  of  understanding:  pre-procedure,  procedure, 
process,  concept,  and  procept.  The  procept  layer  is  considered  to  have  the  most  depth.  At 
this  level  of  understanding,  students  can  view  a  function  representation  (graph,  symbol, 
table)  as  either  a  process  or  an  object,  depending  on  what  is  required  of  the  problem 
situation. 

After  analyzing  both  the  quantitative  function  assessments  and  the  qualitative 
interviews,  DeMarois  (1997)  concluded: 

•  The  function  concept  is  accessible  to  the  developmental  algebra  student. 
When  asked  "what  is  a  function?"  43%  of  the  students  went  from  a  blank  or 
pre-procedure  level  to  a  process  level  of  understanding  during  the  semester. 

•  Function  machines  serve  as  a  reasonable  starting  point  for  introducing  the 
function  concept. 

In  addition,  DeMarois  found  the  following  difficulties: 

•  Students  remained  weak  on  the  graphical  representation  of  functions. 

•  Function  notation  was  interpreted  inconsistently,  even  by  the  most  capable 
students. 

•  Constant  functions  caused  confusion  and  were  interpreted  inconsistently 
across  representations. 

•  The  requirement  for  exactly  one  output  given  an  input  was  applied 
inconsistently. 

•  Connecting  representations  was  difficult. 

•  Use  of  prototypes  was  more  common  with  the  algebraic  representation  than 
the  graphical  representation. 

DeMarois  suggested  the  following  curriculum  changes: 
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•  The  graphical  representation  of  function  as  well  as  translating  between 
representations  need  more  attention  in  the  curriculum. 

•  Function  as  an  object  needs  to  be  discussed  with  students. 

•  A  focus  on  the  best  uses  of  each  representation  needs  to  be  included. 

•  Interferences  caused  by  use  of  the  graphing  calculator  need  to  be  addressed. 
Adams  (1997)  conducted  a  study  concerning  the  concept  of  function  among 

college  algebra  students  in  a  community  college.  There  were  26  students  in  the  graphing 
calculator  group  and  39  students  in  the  control  group.  Both  groups  used  the  same  text 
and  followed  the  same  departmental  syllabus.  The  treatment  lasted  for  three  weeks, 
during  which  time  the  students  studied:  introduction  to  functions,  linear  functions, 
quadratic  functions,  algebra  of  functional  equations,  parabolas,  and  applications  of 
parabolas.  The  control  group  did  not  use  graphing  calculators.  The  graphing  calculator 
group  only  used  the  graphing  calculator  for  in-class  assignments  during  the  study.  They 
used  the  calculators  to  graph  functions  and  explore  problem-situations  described  in  the 
text.  On  posttest,  the  graphing  calculator  group  had  higher  achievement  regarding  the 
application  of  the  concepts  of  domain  and  range  as  well  as  the  selection  of  appropriate 
dimensions  for  viewing  and  graphing  functions  (instrument  reliability  coefficient  was 
0.84).  The  graphing  calculator  was  found  to  have  no  effect  on  the  concept  of  function  in 
terms  of  identification,  construction,  and  definition. 

Slavit  (1998)  studied  the  effect  of  graphing  calculators  in  a  college  precalculus 
classroom  in  the  United  States  with  thirteen  students.  By  the  end  of  the  semester,  six 
students  were  still  in  the  class.  The  researcher  observed  the  classroom  twice  a  week  and 
conducted  a  series  of  interviews  with  three  students  during  the  semester.  The  graphing 
calculator  was  a  vital  part  of  course  instruction.  The  instructor  taught  algebra  using 
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multiple  representations  and  applied  graphical  and  algebraic  methods  in  problem-solving 
situations.  Despite  the  focus  on  graphical  representations  and  problem-solving  strategies, 
students  continued  to  think  in  terms  of  algebraic  representations  and,  when  given  a 
choice,  used  algebraic  methods  instead  of  graphical  methods  when  problem-solving. 
According  to  Slavit  (1998),  the  data  provided  the  following  reasons  for  the  strength  of 
this  algebraic  concept  of  function: 

1 .  The  effect  of  past  instruction  which  focused  on  symbolic  [algebraic] 
manipulation, 

2.  The  presence  of  symbolically-based  problems  in  the  homework  and 
tests  which  were  often  not  directly  connected  to  the  graphic-oriented 
activities  in  the  classroom,  and 

3.  A  general  emphasis  on  procedures  over  concepts,  (p.  370) 

Most  students  came  into  the  class  with  a  strong  algebraic  view  of  function.  The 
heavy  emphasis  on  graphical  representations  and  de-emphasis  of  algebraic 
representations  during  instruction  caused  these  students  to  place  this  new  knowledge  in 
isolation.  They  did  not  view  the  function  concept  from  a  multi-representational 
perspective,  and  did  not  make  connections  between  procedures  used  to  solve  tasks  in 
different  representations.  They  tended  to  compartmentalize  graphical  and  algebraic 
methods,  which  prevented  an  object  view  of  function.  As  a  result  of  the  study,  Slavit 
(1998)  recommended  that  instruction  and  assessment  provide  balance  between  the 
representations.  Additionally,  connections  between  the  representations  must  be  made 
beyond  the  procedure/process  level  in  order  to  promote  an  object  view  of  function. 

Keller  and  Hirsch  (1998)  conducted  a  study  on  one  university  calculus  class  (n  = 
39)  that  required  a  graphing  calculator  for  all  students,  and  one  that  did  not  (n  =  40)  at  the 
same  university.  Both  classes  met  at  the  same  time,  and  used  the  same  text.  The 
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graphing  calculator  class  was  enhanced  with  graphing  calculator  activities.  Both  groups 
preferred  to  use  an  algebraic  representation  on  tasks  that  were  purely  mathematical  (non- 
contextual).  On  the  contextual  problems,  both  groups  of  students  preferred  a  tabular 
representation  at  the  start  of  the  course,  but  they  preferred  a  graphical  representation  at 
the  end  of  the  course.  This  compartmentalization  of  "use  a  graph  for  contextual  problems 
and  use  an  equation  for  non-contextual  problems"  was  not  as  strong,  however,  for  the 
graphing  calculator  group,  indicating  the  graphing  calculator  group  was  more  flexible  in 
their  use  of  multiple  representations. 

Beckmann  et  al.  (1999)  provide  suggestions  for  assessing  student  understanding 
of  functions  in  a  graphing  calculator  environment.  In  agreement  with  the  NCTM  (1995) 
Assessment  Standards  for  School  Mathematics,  Beckmann  et  al.  (1999)  stated  that 
technology  should  be  an  integral  part  of  assessment  if  it  is  an  integral  part  of  instruction. 
Furthermore,  Beckmann  et  al.  (1999)  state  that  assessment  should  include  a  balance 
between  (a)  items  that  require  calculator  use  for  their  solutions,  (b)  items  that  can  be 
solved  with  or  without  a  graphing  calculator,  and  (c)  items  that  provide  no  advantage  or  a 
disadvantage  for  graphing  calculator  use.  In  order  to  achieve  this  balance,  they  suggest 
(a)  requiring  students  to  explain  their  reasoning,  (b)  having  students  analyze  graphs  and 
tables,  and  (c)  using  real  contexts. 

Hollar  and  Norwood  (1999)  studied  the  effects  of  a  Texas  Instruments  TI-82 
graphing  calculator  approach  to  teaching  intermediate  algebra  in  a  university 
environment.  There  were  46  students  (two  classes)  in  the  treatment  group  and  44  (two 
classes)  in  the  control  group.  The  treatment  group  used  TI-82  graphing  calculators  in 
class,  for  homework,  and  on  in-class  exams.    The  control  group  had  no  known  access  to 
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graphing  calculators.  The  treatment  group  used  a  textbook  that  included  a  balance  of 
graphing  calculator  and  traditional  algebra  work  with  exploration  and  discovery 
examples.  The  control  group  text  covered  the  same  topics,  but  emphasized  algebraic 
manipulations.  Neither  group  had  access  to  calculators  for  the  function  test  or  the 
traditional  departmental  final  examination,  which  was  composed  mainly  of  algebraic 
manipulations.  The  function  test  assessed  student  understanding  of  the  function  concept 
in  terms  of  their  ability  to  model,  translate,  interpret,  and  reify.  Hollar  and  Norwood 
found  that  (a)  the  calculator  group  performed  significantly  better  on  all  aspects  of 
understanding  the  concept  of  function  (model,  interpret,  translate,  reify)  than  the  control 
group,  (b)  there  was  no  significant  difference  between  the  graphing  approach  and 
traditional  algebra  approach  groups  in  their  posttest  attitude  toward  mathematics,  and  (c) 
there  was  no  significance  difference  on  the  final  examination  of  traditional  algebra  skills 
between  the  groups. 

Although  students  in  the  treatment  group  demonstrated  a  significantly  stronger 
ability  to  reify  than  the  control  group,  Hollar  and  Norwood  (1999)  found  that  students  in 
both  the  traditional  and  graphing  calculator  groups  showed  great  difficulty  on  the  reify 
component  of  function  understanding.  Hollar  and  Norwood  identified  the  following 
benefits  of  the  graphing  calculator  curriculum:  (a)  it  includes  problems  related  to 
modeling  real-world  applications  that  would  be  too  time  consuming  or  too  complex  to  do 
without  a  graphing  calculator;  and  (b)  students  can  quickly  create  the  graphical, 
algebraic,  and  tabular  representations  of  function  and  easily  move  between  these  different 
representations  using  the  calculator. 
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Thompson  and  Senk  (2001)  studied  eight  second-year  algebra  classes  at  four 
different  high  schools.  There  were  two  classes  from  each  high  school  in  the  study.  One 
class  at  each  school  used  the  existing  textbook,  curriculum,  and  calculator  usage.  The 
second  class  used  the  University  of  Chicago  School  Mathematics  Project  (UCSMP) 
curriculum.  The  UCSMP  curriculum  includes  problem  solving,  real-life  applications, 
and  continuous  review.  In  addition,  graphing  calculators  are  used  by  all  students  and  are 
an  integral  part  of  the  curriculum.  Activities  are  designed  to  encourage  students  to  make 
connections  between  algebraic,  numeric,  and  graphic  approaches  to  problem  solving. 
The  existing  (control)  books  did  not  assume  calculators  would  be  used,  but  contained 
some  optional  activities  with  scientific  calculators.  The  teachers  in  all  sections  but  one, 
however,  did  use  graphing  calculators.  As  a  whole,  the  UCSMP  group  outperformed  the 
control  group  on  multi-step  problems,  problems  involving  applications,  and  problems 
involving  graphical  representations.  There  was  no  significant  difference  between  the 
groups  on  items  testing  algebraic  skills.  In  one  school,  the  control  group  used  scientific 
calculators,  not  graphing  calculators.  When  comparing  the  treatment  (graphing 
calculator)  and  control  (no  graphing  calculator)  groups  at  this  particular  school,  there  was 
no  significant  difference  between  algebraic  skill  items.  However,  the  UCSMP  (graphing 
calculator)  students  performed  better  on  graphical  representation  and  application  items. 

Because  published  articles  concerning  the  effect  of  graphing  calculator  use  on 
secondary  and  college  students'  understanding  of  functions  are  not  numerous,  one  must 
turn  to  dissertation  abstracts  for  more  information.  While  the  following  dissertations 
written  since  1990  provide  additional  insight,  the  abstracts  available  do  not  provide  much 
detail  concerning  the  studies. 
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In  a  study  of  calculus  students,  a  traditional  group  was  compared  to  an 
experimental  group  by  Hart  (1991).  The  experimental  group  used  graphing  calculators 
with  a  curriculum  that  emphasized  algebraic,  numeric,  and  graphic  representations.  The 
experimental  group  showed  greater  conceptual  understanding  of  numeric  and  graphic 
representations  and  exhibited  stronger  connections  among  the  three  representations.  In 
addition,  there  was  evidence  of  more  compartmentalization  among  the  traditional 
students. 

In  a  study  of  1000  precalculus  students  in  a  graphing  calculator  environment, 
Tuska  (1992)  analyzed  difficulties  that  students  had  on  a  multiple  choice  midterm.  Tuska 
found  the  following  misconceptions: 

1 .  The  domain  of  a  function  cannot  skip  intervals. 

2.  The  domain  is  a  subset  of  the  range. 

3.  The  graph  of  a  function  on  a  large  viewing  window  is  always 
enough  to  determine  the  end  behavior,  (p.  2725) 

Upon  providing  intervention  using  examples  and  nonexamples,  Tuska  (1992) 
recommends  using  a  larger  variety  of  examples,  placing  more  emphasis  on  verbal 
representations,  and  emphasizing  the  power  of  multiple  representations. 

-   Chandler  (1992)  studied  high  school  precalculus  students.  Five  classes  used  a 
graphing  calculator  and  four  classes  did  not  (n  =  173).  The  calculator  treatment  lasted  for 
two  weeks  while  both  groups  studied  transformations  of  trigonometric  functions.  The 
calculator  group  scored  significantly  higher  on  post-test  achievement  than  the  control 
group.  Chandler  (1992)  concluded  there  is  a  positive  increase  in  understanding  when 
students  are  able  to  use  a  graphing  calculator  to  visualize.  Furthermore,  students 


77 

demonstrated  a  better  understanding  of  the  relationship  between  the  algebraic  and 
graphical  representations  of  function. 

Norris  (1994)  studied  three  university  precalculus  classes  which  required 
graphing  calculators  and  a  control  group  of  four  classes  that  did  not  require  graphing 
calculators  for  a  total  sample  of  304  students.  Norris  assessed  algebraic  skills,  function 
concept  knowledge,  and  attitude  toward  mathematics.  He  found  no  significant  difference 
in  algebraic  skills  between  the  two  groups,  indicating  that  use  of  graphing  calculators 
does  not  negatively  impact  algebraic  skills.  The  graphing  calculator  group  scored 
significantly  higher  on  the  posttest  of  basic  function  concepts  and  graphing.  In  addition 
their  mean  performance  improvement  from  pretest  to  posttest  was  also  significantly 
higher  than  the  control  group.  There  was  no  significant  difference  in  posttest  attitudes 
and  in  mean  improvement  of  attitudes  from  pretest  to  posttest. 

The  review  of  the  literature  concerning  the  effect  of  the  graphing  calculator  on 
conceptual  understanding  of  the  function  concept  reveals  that  graphing  calculator  groups 
may  develop  a  stronger  concept  image  of  function  in  terms  of  multiple  representations 
than  do  "traditional"  groups.  In  particular,  the  literature  review  reveals  the  following: 

1 .    Treatment  groups  who  used  graphing  calculators  demonstrated  a  better  overall 
understanding  of  function  that  those  who  did  not  use  graphing  calculators. 
Studies  by  Hollar  and  Norwood  (1999),  Norris  (1994),  and  Quesada  and 
Maxwell  (1994)  support  this  conclusion.  Nonetheless,  a  few  studies  have 
found  no  significant  difference  or  a  negative  influence  (Dunham  &  Dick, 
1994). 
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2.  Use  of  graphing  calculators  can  effect  different  aspects  of  function 
understanding  in  different  ways.  While  Caldwell  (1995)  found  the  treatment 
group  to  have  better  procedural  understanding,  there  was  no  significant 
difference  in  conceptual  understanding.  Similarly,  the  graphing  calculator 
group  in  Adams'  (1997)  study  showed  a  better  understanding  of  domain, 
range,  and  scale,  yet  there  was  no  significant  difference  in  their  ability  to 
identify,  define,  and  construct  functions. 

3.  Graphing  calculators  may  help  students  reify  to  obtain  an  object  conception  of 
function  (Hollar  &  Norwood,  1999;  Slavit,  1994). 

4.  As  a  whole,  graphing  calculator  groups  develop  stronger  connections  between 
the  graphical,  algebraic,  and  tabular  (numeric)  representations  of  function 
(Chandler,  1992;  Hart,  1991;  Rich,  1990;  Ruthven,  1990;  Thompson  &  Senk, 
2001). 

5.  Graphing  calculator  groups  show  less  evidence  of  compartmentalization  (of 
the  representations)  than  do  traditional  groups  (Hart,  1991;  Keller  &  Hirsch, 
1998). 

6.  Graphing  calculator  groups  can  better  translate  from  one  representation  to 
another  (Norris,  1994;  Ruthven,  1990;  Slavit,  1994). 

7.  Graphing  calculator  groups  better  understand  global  features  of  graphs  (Rich, 
1990;  Slavit,  1994). 

8.  Graphing  calculator  use  does  not  harm  traditional  algebraic  skills  as 
demonstrated  by  traditional  final  exams  in  algebra  (Hollar  &  Norwood,  1999; 
Norris,  1994). 
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9.    Graphing  calculator  use  does  not  affect  attitude  towards  mathematics 
(Caldwell,  1995;  Hollar  &  Norwood,  1999;  Norris,  1994). 

Computers  and  the  Function  Concept 
The  computer-based  software  Grapher  was  developed  at  the  University  of 
California-Berkeley  to  enhance  students'  concept  image  of  function  (Moschkovich  et  al., 
1993).  Through  detailed  video-taped  studies  of  how  an  individual  student  used  the 
software  and  subsequently  worked  problems,  Moschkovich  et  al.  (1993)  suggest  that  by 
allowing  students  the  opportunity  to  actively  manipulate  graphs  using  software,  the  object 
view  of  function  can  be  enhanced.  Further,  they  believe  that  the  process  to  object 
framework  proposed  by  Sfard  (1991)  is  not  necessarily  a  hierarchy  that  must  follow  in 
the  process  first,  then  object  second  sequence.  According  to  Moschkovich  et  al.  (1993), 
the  use  of  technology  provides  opportunities  for  facilitating  the  object  perspective  of 
function  that  were  not  previously  available  to  students.  Moschkovich  et  al.  (1993)  also 
stress  that  action  on  the  screen  is  not  sufficient  for  learning,  but  that  the  student  must  be 
the  impetus  of  that  action  via  manipulations.  For  complex  mathematical  concepts, 
learning  takes  time  and  experience. 

Cuoco  (1994)  found  that  students  using  Logo  to  study  the  function  concept  could 
think  of  a  function  as  an  object.  Li  and  Tall  (1993)  and  Breidenbach  et  al.  (1992)  drew 
similar  conclusions  using  structured  BASIC  and  ISETL  (Interactive  SET  Language), 
respectively.  ISETL  allows  the  name  of  a  function  to  be  used  as  an  input  for  another 
function,  thereby  enhancing  the  object  view  of  function. 

Olsen  (1995)  studied  the  effect  of  the  multi-representational  software  Function 
Explorer  on  74  eighth-graders  understanding  of  the  concept  of  function.  Function 
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Explorer  is  an  interactive  computer-based  learning  environment  which  provides  dynamic, 
linked  representations  of  functions.  The  software  has  three  representations:  a  table, 
parallel  number  lines,  and  perpendicular  number  lines.  Students  input  the  independent 
variable  into  any  of  the  three  representations  by  using  a  mouse  click  for  the  parallel  and 
perpendicular  number  line  representations  or  by  keying  in  the  value  for  the  tabular 
representation.  Upon  input,  the  output  value  is  displayed  in  all  three  representations. 
The  students  in  the  study  were  pre-tested,  then  post-tested  after  six  days  of  solving 
worksheet  problems  using  the  software.  The  students  showed  significant  improvement 
on  pointwise  and  global  interpretation  of  graphs.  In  addition,  students  preferred  the 
parallel  number  lines  representation.  Olsen  (1995)  found  that  many  students  could  answer 
questions  using  the  software,  but  could  not  answer  similar  questions  reading  a  static 
Cartesian  graph.    He  states  that  students  who  are  not  yet  able  to  interpret  Cartesian 
graphs  can  still  gain  function  understanding  using  the  software. 

Schwarz  and  Dreyfus  (1995)  studied  the  effect  of  the  Triple  Representation 
Model  (TRM)  computer  software  on  student  understanding  of  the  function  concept.  The 
study  lasted  for  twelve  weeks  and  included  three  experimental  (TRM)  and  three  control 
classes  in  Israel.  Schwarz  and  Dreyfus  describe  the  TRM  software  as  dynamic  and 
interactive,  similar  to  Function  Analyzer  and  Function  Probe  software.  In  particular,  the 
function  representations  (graph,  table,  algebraic  expression)  are  linked  together  so  that 
when  a  student  manipulates  one  representation,  it  affects  the  other  representations.  In 
Schwarz  and  Dreyfus'  view,  graphs  of  functions  are  representatives  of  the  functions. 
Based  on  scaling  (domain/range),  a  variety  of  representatives  can  be  obtained  from  a 
single  algebraic  expression.  The  TRM  software  served  as  a  source  of  representatives  of 
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functions,  made  it  easy  to  move  between  representatives,  and  was  designed  to  stress  the 
parallels  between  representations  (table,  graph,  algebraic  expression).  The  TRM  students 
were  given  open-ended  problem-solving  activities  that  required  them  to  construct,  use, 
and  compare  different  representatives.  In  addition,  they  were  given  activities  in  which 
several  representatives  were  in  conflict.  Schwarz  and  Dreyfus  (1995)  found  that  the 
TRM  students  were  stronger  than  the  control  group  at  (a)  recognizing  properties  of 
functions  (linear,  maximum,  etc.)  while  performing  actions  on  their  representatives,  and 
(b)  understanding  the  conservation  of  manipulated  objects  (i.e.  properties  of  functions  are 
conserved  under  actions  on  representatives). 

Research  by  Confrey  and  Doerr  (1996)  indicates  that  the  use  of  multiple 
representations  of  functions  (tables,  graphs,  algebraic  expressions)  leads  to  a  broader 
understanding  of  functions.  By  using  the  software  Function  Probe  in  conjunction  with 
contextual  problems  (applications),  students  perform  transformations  on  the  various 
representations  and  explore  their  effect  on  the  other  representations.  The  software  is 
flexible  to  allow  for  tabular  and  graphical  transformations  to  be  accomplished 
independently  of  any  algebraic  formula.  The  computer  mouse  is  used  to  transform 
graphs  by  shifting,  stretching,  and  reflecting.  This  approach  treats  the  graph  as  a  single 
object  to  be  transformed.  "The  importance  of  contextual  problems  for  multiple 
representations  is  that  students  are  encouraged  to  seek  out  how  the  actions,  operations, 
and  roles  are  made  visible  (more  or  less)  in  the  different  representations"  (Confrey  & 
Doerr,  1996,  p.  166). 

O'Callaghan  (1998)  studied  the  effects  of  a  Computer-Intensive  Algebra  (CIA) 
curriculum  and  a  traditional  algebra  curriculum  on  college  algebra  students' 
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understanding  of  the  concept  of  function  as  well  as  student  attitudes  toward  mathematics. 
The  study  included  one  experimental  CIA  class  and  two  traditional  algebra  classes.  The 
traditional  algebra  classes  are  not  described.  According  to  O'Callaghan,  the  CIA 
curriculum  was  developed  in  the  1980s  under  the  direction  of  James  Fey  and  Kathleen 
Heid.  The  CIA  curriculum  represents  a  non-traditional  approach  to  algebra  as  a 
"function-oriented  curriculum  that  is  characterized  by:  (a)  a  problem-solving  approach, 
(b)  an  emphasis  on  conceptual  knowledge,  and  (c)  the  extensive  use  of  technology"  (p. 
21).  Students  experience  activities  in  the  curriculum  that  require  them  to  solve  problems 
and  to  describe  their  method  of  solution  within  concrete  (applied)  situations.  In  addition, 
they  have  access  to  a  Computer  Algebra  System  (symbol  manipulation  tool).  The  teacher 
of  the  experimental  CIA  class  served  as  a  guide,  provided  motivation  and  feedback,  and 
encouraged  student  reflection  on  activities.  Functions  are  described  in  the  CIA  class  as 
relations  among  variables. 

The  concept  of  function  was  assessed  in  terms  of  four  components:  modeling, 
interpreting,  translating,  and  reifying  -  which  were  based  on  Kaput' s  (1989)  four  sources 
of  meaning  in  mathematics.  The  CIA  students  demonstrated  a  significantly  better  overall 
understanding  of  functions  than  did  the  traditional  algebra  groups.  This  better 
understanding  included  the  individual  components  of  modeling,  interpreting,  and 
translating.  There  was  no  significant  difference  between  the  groups  in  their  ability  to 
reify  the  concept  of  function.  This  led  O'Callaghan  (1998)  to  conclude  "the  general 
indications  here  were  that  this  level  of  abstraction  was  beyond  the  reach  of  both  groups" 
(p.  36). 
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CIA  students  also  showed  significant  improvement  in  their  attitude  toward 
mathematics,  whereas  the  traditional  algebra  group  did  not  show  significant 
improvement.  However,  there  was  no  significant  difference  on  post-test  between  the  CIA 
group  and  the  traditional  algebra  group  in  their  attitude  toward  mathematics.  Lastly, 
results  on  the  common  departmental  final  examination  yielded  mixed  results.  When 
analyzed  using  analysis  of  variance  (ANOVA),  the  CIA  students  scored  significantly 
lower  on  this  examination  of  "operations  and  procedures  emphasized  by  the  traditional 
curriculum"  (p.  34).  On  the  other  hand,  when  using  adjusted  post-test  means  (ANCOVA) 
based  on  the  Math  ACT  scores  as  a  covariate,  there  was  not  a  significant  difference  in 
these  traditional  skills. 

O'Callaghan  (1998)  identified  four  factors  that  contributed  to  the  better 

understanding  of  the  function  concept  for  the  CIA  group: 

1)  the  early  introduction  of  functions,  2)  the  definition  of  function  as  a  relation 
among  variables,  3)  the  use  of  concrete  situations  to  be  modeled  and  explored, 
and  4)  the  expression  of  functions  in  different  representation  systems,  (p.  37) 

O'Callaghan  called  for  more  research  on  the  function  concept,  particularly  the 
reify  component.  According  to  O'Callaghan,  "a  more  complete  and  refined 
understanding  of  this  and  other  aspects  of  the  function  concept  and  its  acquisition  is  key 
to  designing  ways  to  help  students  develop  powerful  conceptions  about  this  most 
important  mathematical  entity"  (1998,  p.  38). 

Schwarz  and  Hershkowitz  (1999)  studied  two  groups  of  students  in  ninth  grade  in 
Israel  who  participated  in  a  one-year  course  on  functions.  The  first  class  (n  =  32)  used 
multi-representational  software  or  a  graphing  calculator.  Schwarz  and  Hershkowitz 
(1999)  also  used  the  term  computer  tools  to  describe  the  treatment,  making  it  difficult  to 
discern  the  role  of  the  graphing  calculator  and  computer  software.  However,  through  the 
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discussion  the  researchers  make  it  apparent  that  the  students  used  multi-representational 
software.  The  control  group  (n  -  71)  consisted  of  two  classes.  In  the  study,  an  eight-item 
questionnaire  was  administered  as  a  posttest  that  the  researchers  divided  into  the 
following  three  components  of  function  understanding:  (a)  prototypicality,  (b)  part- 
whole  reasoning,  and  (c)  understanding  attributes.  Items  were  analyzed  quantitatively 
and  qualitatively. 

Quantitative  analysis  of  the  results  revealed  that  the  technology  group  scored 
significantly  better  on  the  prototypicality  component.  This  indicated  that  the  concept 
image  of  the  technology  group  was  broader  than  the  traditional  (control)  group.  Through 
further  qualitative  analysis,  the  researchers  found  that  the  traditional  group  was  more 
restricted  to  their  view  of  functions  as  linear  or  quadratic  prototypes  (thinking,  for 
example,  that  graphs  of  functions  are  only  lines  or  parabolas)  than  was  the  technology 
group. 

In  terms  of  part- whole  reasoning,  there  was  no  difference  between  groups  when 
asked  to  construct  a  single  graph  (whole)  from  three  partial  graph  representatives  (parts) 
displayed  on  different  graphing  windows,  but  the  technology  group  was  better  when 
asked  to  determine  whether  a  given  partial  graph  was  part  of  a  given  whole  graph.  An 
understanding  of  domain,  range,  and  scale  was  instrumental  in  the  successful  completion 
of  the  part- whole  items.  The  traditional  group  tended  to  view  graphical  representations 
locally  (pointwise),  while  the  technology  group  was  more  likely  to  view  the 
representations  globally  (in  terms  of  manipulations  on  the  graph,  overall  shape  of  the 
graph,  and  intervals  of  increase  and  decrease). 
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They  did  not  find  a  significant  difference  between  the  technology  group  and 
traditional  group  in  terms  of  the  attribute  understanding  component  of  function.  The 
items  for  this  component  required  students  to  translate  between  the  following 
representations:  (a)  an  algebraic  expression  to  a  partial  graph,  (b)  ordered  pairs  to  a 
graph,  and  (c)  a  graphical  representation  to  an  algebraic  equation  where  the  graph  is  a 
line  with  no  given  domain/range/scale.  Through  analysis  of  students'  justification  of 
their  answers,  Schwarz  and  Hershkowitz  (1999)  found  that  the  technology  group 
provided  more  justification,  more  complex  justifications,  and  were  better  able  to  analyze 
properties  of  graphs  without  mapping  to  possible  prototypes.  Therefore,  their  translations 
between  representations  indicates  richer  concept  images  of  the  function  concept. 

The  researchers  attribute  differences  between  the  groups  to  the  multi- 
representational  software,  the  types  of  activities,  and  classroom  practice.  The  traditional 
group  (a)  was  exposed  to  a  variety  of  functions  beyond  linear  and  quadratic,  (b)  worked 
with  functions  in  parallel  in  several  representations,  (c)  was  exposed  to  the  formal 
definition  of  function  early,  and  (d)  periodically  worked  on  explorations  as  guided  by  the 
text  or  teacher. 

The  technology  group  (a)  was  encouraged  to  make  their  own  decisions 
concerning  selection  of  the  representation  desired  as  well  as  when  and  how  to  link 
representations,  (b)  worked  collaboratively  in  small  groups  on  investigative  activities,  (c) 
wrote  group  and  individual  reports  to  compare  and  critique  solution  processes,  and  (d) 
was  exposed  to  a  classroom  environment  in  which  the  teacher  was  a  facilitator  and 
model. 
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Schwarz  and  Hershkowitz  (1999)  stressed  the  importance  of  the  multi- 
representational  software  availability  of  (a)  the  zoom,  scale,  and  scroll  (trace) 
manipulations  of  graphs  and  numerical  data,  and  (b)  the  ability  to  transform  algebraic 
expressions  to  manipulative  graphs  and  tables.  They  credited  these  features  for  the 
enhanced  function  understanding  of  the  technology  group  for  the  following  particular 
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•     invoked  more  examples  and  linked  them  to  transformations  than  did  the 
traditional  group, 


•  recognized  partial  representations  as  different  "windows"  representing  the 
same  function, 

•  more  often  used  global  and  complex  justifications  when  working  with 
graphical  representations. 

Lastly,  the  classroom  environment  emphasized  reflection  and  use  of  multiple 
software  representations,  thereby  starting  "a  process  of  internalization  that  enabled 
students,  using  the  computer  tools,  to  carry  out  mental  actions  abstracted  from  their 
physical  actions  on  functions'  representatives"  (Schwarz  &  Hershkowitz,  1999,  p.  387). 

In  a  review  of  research  in  relation  to  computer  technology  and  the  function 
concept,  Smith  (1997)  concluded  that  the  benefits  of  the  computer  are  not  yet  convincing. 
This  review  yielded  similar,  although  somewhat  more  positive,  results.  Several  studies 
indicated  that  the  use  of  computer  software  results  in  a  better  understanding  of  the 
function  concept  than  does  traditional  instruction  (Confrey  &  Doerr,  1996;  Moschkovich 
et  al.,  1993;  O'Callaghan,  1998;  Olsen,  1995;  Schwarz  &  Dreyfus,  1995;  Schwarz  & 
Hershkowitz,  1999).  Computer  software  groups  better  demonstrated  a  global  perspective 
of  graphs  of  functions  (Olsen,  1995;  Schwarz  &  Hershkowitz,  1999).  In  addition, 
computer  software  facilitated  the  object  view  of  function  in  studies  conducted  by  Cuoco 
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(1994),  Li  and  Tall  (1993),  and  Moschkovich  et  al.  (1993).  However,  in  a  study  by 
O'Callaghan  (1998),  the  computer  group  did  not  reify  (view  a  function  as  an  object) 
better  than  the  no-technology  control  group.  Similarly,  the  effect  of  computer  software 
use  on  students'  ability  to  translate  representations  is  not  clear.  The  computer  group  in 
O'Callaghan' s  (1998)  study  translated  significantly  better  than  the  control  group,  yet 
there  was  no  significant  difference  in  the  Schwarz  and  Hershkowitz  (1999)  study.  These 
studies  indicate  that  computer  software  has  great  potential,  but  the  effect  of  using 
computer  software  to  facilitate  understanding  of  the  function  concept  is  still  not  certain. 
A  clear  trend  does,  however,  emerge  concerning  the  use  of  computer  software  in 
current  research  on  the  function  concept.  The  software  used  is  dynamic,  interactive,  and 
links  multiple  representations  of  functions  together  (Confrey  &  Doerr,  1996;  Olsen, 
1995;  Schwarz  &  Dreyfus,  1995).  In  addition,  the  software  is  used  in  a  problem-solving 
environment  (Confrey  &  Doerr,  1996;  O'Callaghan,  1998;  Schwarz  &  Dreyfus,  1995; 
Schwarz  &  Hershkowitz,  1999)  using  contextual/applied  problems  (Confrey  &  Doerr, 
1996;  O'Callaghan,  1998). 

Comparison  of  Computers  and  Graphing  Calculators 
Porzio  (1995)  studied  college  calculus  students'  ability  to  use  multiple 
representations  and  connect  multiple  representations  when  solving  calculus  problems. 
Three  calculus  classes  at  the  same  U.  S.  university  were  studied  for  one  quarter.  The  first 
class  {n  =  40)  used  a  traditional  approach  to  calculus  that  emphasized  algebraic 
manipulations  to  introduce  concepts  and  solve  problems.  The  second  class  (graphing 
calculator)  was  similar  in  content  but  stressed  algebraic  and  graphical  representations  and 
used  graphing  calculators.  The  third  group  (computer)  used  the  electronic  calculus 
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course  Calculus  &  Mathematica,  which  uses  the  mathematical  computer  software  tool 
Mathematica.  The  computer  course  emphasized  the  use  of  numerical,  graphical,  and 
algebraic  representations  using  Mathematica.  Mathematica  includes  a  Computer  Algebra 
System  that  will  solve  equations  algebraically  as  well  as  graphing  tools  and  tools  for 
numerical  calculations  (Galindo,  1995).  Their  activities  involved  interpreting  and  solving 
problems  that  were  designed  to  explore  or  establish  connections  between  representations 
of  the  same  concept.  The  graphing  calculator  class  included  instruction  that  presented 
concepts  graphically  and  algebraically.  Activities  used  graphical  representations  to 
verify  results  found  algebraically,  and  algebraic  representations  to  verify  results  found 
graphically.  The  graphing  calculator  group  was  exposed  to  very  few  activities  designed 
specifically  to  make  connections  when  solving  problems.  In  addition  to  pretests  and 
posttests,  Porzio  interviewed  12  students  from  each  of  the  three  courses. 

Porzio  (1995)  found  that  the  computer  students  better  understood  the  multiple 
representations  as  indicated  by  their  ability  to  use  different  representations  and  their 
ability  to  connect  representations.  The  graphing  calculator  students  had  a  strong 
understanding  of  graphical  representations,  but  had  difficulties  using  algebraic 
representations  and  difficulties  connecting  graphical  and  algebraic  representations.  The 
traditional  group  demonstrated  the  least  understanding  of  graphical  representations  and 
the  least  ability  to  connect  graphical  and  algebraic  representations. 

Because  the  study  by  Porzio  (1995)  is  the  only  study  that  directly  compared  a 
computer  group  and  a  graphing  calculator  group  for  understanding  of  the  function 
concept,  one  must  turn  to  indirect  comparisons  to  further  understand  the  different  effect 
of  these  technologies.  In  separate  studies  at  different  colleges,  O'Callaghan  (1998)  and 
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Hollar  and  Norwood  (1999)  studied  the  effect  of  technology  on  college  students' 
understanding  of  the  function  concept.  The  Hollar  and  Norwood  study  compared  a 
graphing  calculator  group  with  a  no-technology  gorup.  The  Hollar  and  Norwood  study  is 
discussed  in  detail  in  the  section  "Graphing  Calculator  and  the  Function  Concept."  The 
O'Callaghan  study  compared  a  computer  group  with  a  no-technology  group.  The 
O'Callaghan  study  is  discussed  in  detail  in  the  section  "Computers  and  the  Function 

Concept." 

O'Callaghan  (1998)  and  Hollar  and  Norwood  (1999)  used  the  same  theoretical 
framework  and  administered  the  same  pretest  and  posttest  for  function  understanding. 
The  pretest  and  posttest  determined  students'  ability  to  model,  interpret,  translate,  and 
reify  functions.  In  both  studies,  (a)  the  technology  group  demonstrated  a  better  overall 
understanding  of  the  function  concept  than  the  no-technology  group,  (b)  there  was  no 
significant  difference  between  the  technology  group  and  the  no-technology  group  in  their 
posttest  attitude  toward  mathematics,  and  (c)  there  was  no  significant  difference  on  the 
final  examination  of  traditional  algebra  skills  between  the  groups.  The  studies  did, 
however,  yield  different  results  concerning  the  students'  ability  to  reify  functions.  In  the 
O'Callaghan  (1998)  study,  there  was  no  significant  difference  between  the  computer  and 
no-technology  groups  on  students'  ability  to  reify  functions.  Yet  in  the  Hollar  and 
Norwood  (1999)  study,  the  graphing  calculator  group  demonstrated  a  stronger  ability  to 
reify  functions  than  the  no-technology  group.  Nonetheless,  students  in  both  the 
traditional  and  graphing  calculator  groups  showed  great  difficulty  on  the  reify  component 
of  function  understanding. 
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Hollar  and  Norwood  credited  the  difference  in  reification  found  in  their  study,  but 
not  found  in  the  O'Callaghan  study,  to  the  increased  access  to  graphing  technology.  In 
the  O'Callaghan  study,  students  only  had  access  to  the  graphing  technology  in  a  lab 
setting,  but  students  in  the  Hollar  and  Norwood  study  had  access  to  graphing  technology 
both  in-class  and  out-of-class,  which  provided  more  time  for  graphing  explorations. 
Because  reification  is  an  abstraction  process  that  cannot  be  taught,  only  prepared  for, 
Hollar  and  Norwood  credit  the  additional  time  as  providing  more  opportunities  for 
students  to  transition  from  the  process  to  object  view  of  function. 

In  conclusion,  both  the  computer  groups  and  graphing  calculator  groups 
demonstrated  stronger  understanding  of  the  function  concept  than  no-technology  groups 
(Hollar  &  Norwood,  1999;  O'Callaghan,  1998;  Porzio,  1995).  When  comparing  the 
computer  and  graphing  calculator  groups  directly,  Porzio  (1995)  found  that  the  computer 
group  demonstrated  a  better  understanding  of  the  function  concept  in  terms  of  their 
ability  to  use  and  connect  different  representations  (numerical,  graphical,  and  algebraic) 
than  the  graphing  calculator  group.  When  comparing  the  computer  and  graphing 
calculator  indirectly,  the  graphing  calculator  group  in  the  Hollar  and  Norwood  study 
outperformed  the  no-technology  group  in  their  ability  to  reify  functions,  but  the  computer 
group  in  the  O'Callaghan  study  did  not  outperform  the  no-technology  group  in  their 
ability  to  reify.  The  indirect  comparison  implies  that  a  graphing  calculator  group  is  better 
able  to  reify  the  function  concept  than  a  computer  group  possibly  due  to  increased  access 
to  graphing  utility  technology. 

There  is  very  little  research  that  compares  computer  and  graphing  calculator 
groups  in  terms  of  their  understanding  of  the  function  concept.  The  research  that  does 
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exist  creates  many  questions.  This  research  study  compares  computer  and  graphing 
calculator  groups  directly  in  order  to  add  to  the  research  in  this  area.  In  this  research 
study,  the  computer  group  will  also  have  access  to  graphing  calculators.  In  this  way  the 
computer  (lab)  group  and  the  graphing  calculator  group  will  both  have  equal  access  to 
graphing  utilities,  an  important  variable  noted  by  Hollar  and  Norwood  (1999). 

Summary 

The  historical  development  of  the  concept  of  function  and  the  most  recent 
research  concerning  the  teaching  and  learning  of  the  function  concept  make  it  clear  that 
the  concept  of  function  is  important,  complex,  and  difficult  to  understand.  Many  of  the 
difficulties  that  are  common  among  students  today  were  also  difficulties  within  the 
historical  development  of  the  function  concept.  The  views  that  a  function  must  be  linear, 
must  be  a  graph,  or  must  be  an  algebraic  expression  are  common  misconceptions  today  as 
well  as  in  the  historical  development  of  the  function  concept.  The  instruction  and 
curriculum  related  to  the  function  concept  needs  to  be  further  researched  in  order  to 
enhance  student  understanding. 

Researchers  and  educators  have  turned  to  curricula  based  on  the  use  of 
technological  tools  to  enhance  student  understanding  of  the  function  concept. 
Technological  tools  provide  the  opportunity  for  students  to  engage  in  activities  that  use 
multiple  representations  of  functions.  Research  indicates  that  activities  that  use  multiple 
representations  lead  to  a  broader  understanding  of  the  function  concept. 

Many  studies  related  to  these  technological  tools,  however,  provide  inconclusive 
evidence  of  the  benefits  of  the  computer  or  graphing  calculator.  Oftentimes  the 
technological  tool  is  not  clearly  described.  In  some  studies  one  cannot  tell  whether  a 
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computer  or  graphing  calculator  was  used  in  the  study,  yet  these  different  technological 
tools  may  affect  student  understanding  of  the  function  concept  in  different  ways.  Also, 
many  of  the  studies  draw  conclusions  related  to  function  concept  understanding  that  is 
based  on  assessment  instruments  that  have  not  been  shown  to  be  reliable  and  valid 
instruments.  Lastly,  many  studies  report  conclusions  that  are  qualitative  interviews  of  a 
very  small  number  of  students,  oftentimes  as  few  as  one.  While  these  studies  provide 
needed  insight,  they  do  not  generalize  well  to  the  general  population. 

Without  a  domain  and  range,  a  function  is  incomplete  because  it  has  no  elements 
on  which  to  operate  and  no  resulting  elements.  In  addition,  modifying  the  domain  and 
range  will  change  the  representation  of  the  mathematical  object.  Yet,  the  review  of  the 
literature  demonstrates  that  students  tend  to  ignore  the  domain  and  range.  When  they  do 
consider  the  domain  and  range,  they  do  not  demonstrate  an  understanding  of  these 
function  concepts.  Although  the  domain  and  range  are  important  concepts  that  students 
have  difficulty  understanding,  the  review  of  the  literature  reveals  that  domain  and  range 
have  received  very  little  attention  in  research  studies. 

The  review  of  the  literature  indicates  that  the  graphing  calculator  provides  an 
appropriate  tool  for  enhancing  the  function  concept.  The  graphing  calculator  is  portable 
and  relatively  inexpensive,  making  it  accessible  to  all  students  at  all  times.  In  addition, 
graphing  calculators  quickly  and  easily  provide  a  display  of  the  graphical  representation 
of  a  large  variety  of  functions.  It  is  proposed  that  the  graphical  representation  of 
functions  makes  the  domain  and  range  more  explicit  than  the  algebraic  representation. 
By  providing  displays  of  graphical  representations  of  functions,  domain  and  range 
understanding  may  be  enhanced. 
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The  graphing  calculator  is  also  an  excellent  tool  for  providing  opportunities  for 
gnitive  conflict  related  to  the  domain  and  range,  thereby  facilitating  accommodation  of 
these  concepts.  The  use  of  a  graphing  calculator  forces  the  learner  to  attend  to  the  domain 
and  range.  Because  a  change  in  domain  and  range  brings  about  a  change  in  the  graphical 
representation  of  a  function,  the  learner  may  face  cognitive  conflict  as  they  seek  to 
determine  the  correct  graph. 

It  is  proposed  that  providing  students  with  graphing  calculator  activities  designed 
to  induce  cognitive  conflict  related  to  the  domain  and  range  will  enhance  their 
understanding  in  relation  to  the  domain  and  range.  In  addition,  the  focus  on  domain  and 
range  in  graphing  calculator  activities  may  (a)  enhance  the  concept  image  of  function,  (b) 
enhance  the  ability  to  translate  between  and  connect  the  algebraic  and  graphical 
representations,  and  (c)  promote  the  reification  of  the  function  concept.  First,  a  common 
misconception  among  students  is  that  the  graphs  of  functions  must  be  linear  or  familiar  in 
some  other  way.  Modifying  the  domain  and  range  on  the  calculator  yields  graphs  that  are 
not  linear  or  familiar.  This  opportunity  for  cognitive  conflict  may  enhance  the  concept 

image  of  function. 

Secondly,  students  have  difficulty  connecting  the  multiple  representations  of 
functions.  A  focus  on  domain  and  range  may  strengthen  these  connections.  For 


example,  the  domain  of  the  function  f(x)  =  v^TT  can  be  found  algebraically  to  be  x  >  1 . 
Therefore,  the  graphical  representation  of  this  function  should  appear  only  for  x- 
coordinate  values  that  are  greater  than  or  equal  to  one. 

Thirdly,  students  have  great  difficulty  reifying  the  function  concept.  A  focus  on 
domain  and  range  in  graphing  calculator  activities  provides  students  with  opportunities  to 
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manipulate  the  graphs  as  whole  objects,  thereby  promoting  reification.  Graphing 
calculators  provide  full-time  access  to  a  graphing  utility,  thereby  providing  time  for 
reflection  that  is  required  for  reification. 

The  graphing  calculator  holds  great  promise  in  enhancing  function  concept 
understanding,  but  there  are  also  difficulties  and  misconceptions  related  to  the  graphing 
calculator.  For  example,  graphs  that  are  not  connected  may  appear  connected  on  a 
graphing  calculator.  Additionally,  the  effect  of  graphing  calculator  use  on  the  function 
concept  in  a  computer  software  environment  is  unknown.  No  research  studies  currently 
exist  that  directly  compare  a  graphing  calculator  group  with  a  graphing  calculator  group 
using  computer  software  in  the  college  algebra  environment.  Other  studies  that  include 
computer  use  either  provide  unequal  access  to  graphing  utilities  by  restricting  the  use  of 
graphing  utilities  to  a  computer  lab  or  they  ignore  student  use  of  graphing  calculators  in 
their  study.  This  research  study  will  provide  equal  graphing  utility  access  to  all  students 
in  the  study,  both  computer  and  non-computer  students,  via  graphing  calculators. 


CHAPTER  3 
RESEARCH  DESIGN  AND  METHODOLOGY 


Research  Objective 

The  purpose  of  this  study  is  to  examine  the  effects  of  two  different  technological 
environments  that  use  graphing  calculators  on  students'  understanding  of  the  function 
concept  in  college  algebra  as  represented  by  their  understanding  of  domain  and  range  as 
well  as  their  ability  to  identify,  define,  translate,  model,  and  reify  functions.  One 
environment  includes  a  text-based  course  with  the  use  of  graphing  calculators  integrated 
throughout  the  course  while  the  other  environment  includes  delivery  of  instructional 
material  via  computer  software  that  also  uses  graphing  calculators. 

The  purpose  of  this  research  is  to  answer  the  following  questions: 

1 .  How  does  differing  technology  use  affect  student  understanding  of  the 
concept  of  function? 

2.  How  does  the  amount  of  instruction  that  a  student  prefers  interact  with  the 
different  technologies  used  to  affect  understanding  of  the  function  concept? 

3.  Which  technology,  computers  or  graphing  calculators,  do  students  perceive  as 
being  most  beneficial  for  enhancing  their  mathematical  learning? 

In  order  to  address  the  research  questions,  the  following  null  hypotheses  will  be 
tested: 

1 .    A  text-based,  graphing  calculator  (TGC)  curriculum  and  a  computer-based, 
graphing  calculator  (CGC)  curriculum  will  have  the  same  effect  on  students' 
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understanding  of  the  concept  of  function  in  terms  of  the  following  function 
components:  (a)  application  of  domain  and  range  concepts,  (b)  identification 
of  functions  and  non- functions,  (c)  definition  of  function,  (d)  translation  of 
functions,  (e)  modeling,  and  (f)  reification. 

2.  The  students'  preferred  amount  of  instruction  will  not  affect  students' 
understanding  of  the  concept  of  function  in  terms  of  the  following  function 
components:  (a)  application  of  domain  and  range  concepts,  (b)  identification 
of  functions  and  non-functions,  (c)  definition  of  function,  (d)  translation  of 
functions,  (e)  modeling,  and  (f)  reification. 

3.  The  students'  preferred  amount  of  instruction  will  not  interact  with  the  TGC 
or  CGC  curricula  to  affect  students'  understanding  of  the  concept  of  function 
in  terms  of  the  following  function  components:  (a)  application  of  domain  and 
range  concepts,  (b)  identification  of  functions  and  non-functions,  (c) 
definition  of  function,  (d)  translation  of  functions,  (e)  modeling,  and  (f) 
reification. 

4.  The  graphing  calculator  technology  used  in  the  TGC  curriculum  will  be 
viewed  by  students  as  having  the  same  effect  on  their  mathematics  learning  as 
the  computer  technology  used  in  the  CGC  curriculum. 

Instruments 
This  section  includes  a  description  of  the  instruments  used  to  assess  students' 
understanding  of  the  concept  of  function,  student  perceptions  concerning  how  much  the 
technology  enhanced  their  mathematics  learning,  and  student  preferences  concerning  the 
amount  of  instruction. 
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Domain/Range/Identify/Define/TranslateCDRIDT) 

The  Domain/Range/Identify/Define/Translate  instrument  (Appendix  A)  assesses 
student  understanding  of  the  concept  of  function.  The  researcher  designed  10  of  the  21 
problems  after  reviewing  literature  and  carefully  analyzing  and  categorizing  problems. 
Some  of  these  researcher-designed  items  mirror  items  on  Adam's  (1993) 
Domain/Range/Scale  (DRS)  instrument,  Adam's  (1993)  Identify/Define/Construct  (IDC) 
instrument,  and  O'Callaghan's  (1994)  function  understanding  assessment.  Items  1-7  and 
16-18  came  from  Adam's  (1993)  DRS  instrument  with  no  change  or  very  minor  changes. 
The  review  of  the  literature  indicates  that  graphing  calculator  use  may  increase  students' 
understanding  of  domain  and  range,  as  well  as  students'  ability  to  translate  from  one 
representation  of  function  to  another.  The  purpose  of  the  instrument  is  to  determine  the 
effect  of  the  different  technological  environments,  both  of  which  use  graphing  calculator 
technology,  on  students'  understanding  of  these  function  components. 

Items  1-7  on  the  instrument  assess  the  students'  ability  to  determine  the  domain 
and  range  of  a  function  that  is  given  algebraically  (items  1-4)  or  graphically  (items  5-7). 
These  seven  items  address  hypotheses  la,  3a,  and  4a.  Items  8-14  on  the  instrument  assess 
the  students'  ability  to  identify  functions  and  non-functions  in  graphical  representations 
(items  8-10),  algebraic  representations  (items  11-12),  and  written  contextual  relationships 
(items  13-14).  These  seven  items  address  null  hypotheses  lb,  3b,  and  4b.  Item  15  asks 
the  student  for  a  definition  of  function.  This  item  addresses  null  hypotheses  lc,  3c,  and 
4c.  Items  8-15  combined  serve  to  assess  the  students'  concept  image  of  function. 

Items  16-21  assess  the  students'  ability  to  translate  between  representations  of 
functions.  These  items  address  hypotheses  Id,  3d,  and  4d.  Items  16-18  assess  the  ability 
to  translate  from  algebraic  to  graphical  representations,  while  items  19-21  assess  the 
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ability  to  translate  graphical  to  algebraic  representations.  Item  17  includes  a  domain 

restriction  represented  algebraically  that  must  be  translated  graphically,  while  item  21 

includes  a  domain  restriction  represented  graphically  that  must  be  translated 

algebraically. 

Model/Reify  (MR) 

The  items  of  the  Model/Reify  instrument  (see  Appendix  B)  were  developed  by 

O'Callaghan  (1994).  Items  1-4  assess  the  students'  understanding  of  the  function 

concept  in  terms  of  their  ability  to  model  a  function.  These  items  address  null  hypotheses 

le,  3e,  and  4e.  Items  1-3  include  modeling  a  written  application  problem  to  an  algebraic 

expression.  Item  4  involves  modeling  a  written  application  problem  to  a  graphical 

representation.  Some  researchers  consider  the  model  component  a  type  of  translation. 

Items  5-7  assess  the  reification  component  of  function.  Items  5-6  assess  the 
ability  to  reify  properties  while  item  7  assesses  the  ability  to  reify  operations.  Minor 
changes  were  made  to  items  6-7  based  on  recommendations  by  Hollar  (1996). 
Galbraith-Haines  Technology-Mathematics  Interaction  Surveys 

There  are  two  versions  of  the  Technology-Mathematics  Interaction  Survey  used  in 
the  study.  The  first  version  is  comprised  of  the  eight  items  found  in  section  5  of  the 
Galbraith-Haines  Mathematics-Computing  Attitude  Scales  (Galbraith  &  Haines,  2000). 
These  eight  items  used  in  the  study  (see  the  eight  items  in  section  5  of  Appendix  C)  were 
designed  by  Galbraith  and  Haines  (1998,  2000)  to  measure  students'  perception 
concerning  how  much  the  computer  enhances  their  mathematics  learning. 

The  second  version  of  the  Technology-Mathematics  Interaction  Survey  is  based 
directly  on  the  same  eight  items  in  the  Galbraith-Haines  Mathematics-Computing 
Attitude  Scales.  These  eight  items  were  modified  by  the  researcher,  however,  to  measure 
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students'  perception  concerning  how  much  the  graphing  calculator  enhances  their 
mathematics  learning  (see  section  5  of  Appendix  D).  Most  modifications  involved 
changing  the  word  "computer"  or  "computer  screen"  to  "graphing  calculator." 

Galbraith  and  Haines  (2000)  addressed  reliability  and  validity  issues  for  the 
scales.  The  scales  were  given  to  409  students  at  CITY  University  London  on  three 
occasions  between  1994  and  1996  to  determine  reliability.  The  Cronbach's  alpha  for 
what  Galbraith  and  Haines  refer  to  as  the  computer-mathematics-interaction  scale  was 
.68.  In  addition,  the  scales  were  administered  in  1997  to  175  students  at  the  University  of 
Queensland,  Australia.  The  Cronbach's  alpha  reliability  estimate  was  .69.  Using 
repeated  measures  over  time,  Galbraith  and  Haines  found  the  reliability  to  be  stable.  In 
addition,  reliability  has  been  established  in  two  different  English-speaking  countries.  The 
questions  appear  culture  neutral,  with  wording  that  is  commonly  used  in  the  United 

States. 

Hannafin-Scott  Preferred  Amount  of  Instruction  Survey 

The  Hannafin-Scott  Preferred  Amount  of  Instruction  Survey  (see  items  1-7 
beginning  on  the  second  page  of  Appendix  E)  was  designed  by  Hannafin  and  Scott 
(1998).  The  only  change  made  to  the  survey  was  changing  the  word  "school"  to 
"college"  on  two  items.  The  objective  of  the  instrument  is  to  measure  students'  self- 
reported  preferences  for  amount  of  instruction  desired  when  learning  something  new. 
Hannafin  and  Scott  (1998)  established  the  content  validity  of  the  items  in  the  survey,  but 
they  did  not  provide  a  reliability  measure. 
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Pilot  Study 

The  researcher  conducted  a  pilot  study  of  the  instruments  during  the  Fall  2000 
semester  in  order  to  establish  reliability  and  validity.  Both  instruments  used  to  assess 
students'  understanding  of  the  function  concept  (DRIDT  and  MR)  were  piloted  using  two 
sections  of  college  algebra  students  at  a  southern  university.  The  Preferred  Amount  of 
Instruction  (PAI)  survey  was  also  piloted.  The  content  validity  for  these  items  or  similar 
items  had  been  established  for  most  of  the  DRIDT  items  by  Adams  (1993)  and  for  all  of 
the  MR  items  by  O'Callaghan  (1994).  Items  13-14  on  the  DRIDT  instrument,  which 
address  whether  or  not  a  relationship  is  a  function,  are  exceptions.  These  two  items  are 
validated  by  the  emphasis  on  applied  relationships  in  the  historical  development  of  the 
function  concept  as  well  as  current  standards  for  teaching  function  understanding 
(NCTM,  2000).  The  content  validity  for  the  PAI  survey  was  established  by  Hannafin  and 
Scott  (1998). 

The  Domain/Range/Identify /Define/Translate  instrument  was  administered  to  53 
students.  The  Cronbach's  alpha  measure  of  internal  consistency  was  .91.  The 
Model/Reify  instrument  was  administered  to  34  students.  The  Cronbach's  alpha  was  .68. 
The  Preferred  Amount  of  Instruction  survey  was  administered  to  58  students.  The 
Cronbach's  alpha  was  .71. 

The  only  instrument  that  is  the  product  of  modifications  based  on  the  pilot  study 
results  is  the  MR  instrument.  The  initial  MR  instrument  contained  1 5  items  that  were 
selected  from  O'Callaghan's  (1994)  two  parallel  function  understanding  instruments. 
The  pilot  study  indicated  that  the  instrument  was  too  long  for  students  to  complete  and 
that  some  items  had  negative  correlations.  The  initial  reliability,  therefore,  was  low. 
After  carefully  considering  the  content  validity  of  each  item  along  with  the  contribution 
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of  each  item  to  overall  reliability,  the  initial  15  items  were  reduced  to  7  items  with  the 
previously  stated  Cronbach's  alpha  of  .68. 

Population  and  Sample 
The  population  of  the  study  consists  of  college  algebra  students  at  the  four-year 
college  or  university  level.  The  1994  Carnegie  Classification  for  the  university  is 
Master's  (Comprehensive)  University  and  College  I.  Master's  I  institutions  offer  a  full 
range  of  baccalaureate  programs  and  are  committed  to  graduate  education  through  the 
master's  degree.  They  award  40  or  more  master's  degrees  annually  in  three  or  more 
disciplines.    The  institution  where  the  study  was  conducted  conferred  345  master's 
degrees  in  fiscal  year  1999.  More  demographic  information  is  provided  in  Table  3-1. 


Table  3-1  Student  Body  Profile  Fall  Semester  1998 


Undergraduate  Demographic  Number 

Average  Age  23 

Sex 

Female  61% 

Male  39% 

Race 

White  75% 

Black  21% 

Other  4% 

Status 

Full-time  (>12  credit  hours)  73% 

Part-time  27% 

Average  SAT  Scores 

Math  478 

Verbal  490 

Total 968 

Source:  1999  Institutional  Fact  Book. 
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The  research  sample  consisted  of  28 1  college  algebra  students  enrolled  in  1 0  class 
sections  at  the  university  during  Spring  semester  2001.  Five  of  the  ten  class  sections  in 
the  study  were  taught  using  the  CGC  (computer-based,  graphing  calculator)  curriculum. 
The  other  five  classes  in  the  study  were  taught  using  the  TGC  (text-based,  graphing 
calculator)  curriculum.  The  five  CGC  sections  included  129  students,  and  the  five  TGC 
sections  included  152  students.  Four  different  instructors  taught  the  10  classes.  The 
university  offered  13  sections  of  college  algebra  during  the  study  period.  Three  class 
sections  were  not  included  in  the  study  because  one  did  not  have  an  assigned  instructor 
until  class  started,  and  the  other  two  were  taught  by  a  part-time  instructor  in  the  evenings. 
In  both  situations,  it  was  impractical  to  meet  and  work  with  the  instructor  of  the  courses. 

Students  must  be  allowed  to  register  for  classes  as  they  choose,  so  a  random 
assignment  of  individual  students  into  CGC  and  TGC  sections  was  not  possible.  To  meet 
core  mathematics  requirements,  students  choose  from  two  types  of  algebra  courses  (math 
modeling  or  college  algebra)  as  well  as  courses  beyond  algebra,  such  as  precalculus  or 
calculus.  Their  choice  of  courses  depends  on  their  major  as  well  as  their  personal 
preference.  The  college  algebra  courses  have  more  total  enrollment  each  semester  than 
any  other  mathematics  class. 

A  student  questionnaire  (Appendix  E)  was  administered  at  the  start  of  the 
semester  in  order  to  identify  demographic  information.  Chi-square  analysis  was  used  to 
determine  if  there  were  significant  differences  between  the  CGC  group  (5  class  sections) 
and  the  TGC  group  (5  class  sections)  with  regard  to  sex,  race/ethnicity,  and  prior 
graphing  calculator  experience.  A  Mest  was  run  with  regard  to  age  to  determine  if  there 
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was  a  significant  difference  between  the  groups.  Mathematics  SAT  data  was  included  on 
the  form,  but  few  students  completed  this  information. 

The  percentage  and  number  of  male  and  female  participants  in  the  study  are  given 
in  Table  3-2.  Chi-square  analysis  with  Yate's  correction  for  continuity  revealed  no 
significant  difference  between  the  CGC  and  TGC  groups  regarding  sex,  x2(l,  "  =  281)  = 
1.00,/?  =  .32. 


Table  3-2  Frequency  and  Percentage  of  Sex  by  Group 


Group  n  Males  Females 


CGC  (computer)  129  56(43%)  73(57%) 

TGC  (calculator)         152  56(37%)  96(63%) 

Total 281  112(40%)         169(60%) 


The  percentage  and  number  of  students  in  the  study  by  race/ethnicity  are  given  in 
Table  3-3.  Due  to  the  small  number  of  students  who  chose  Asian/Pacific  Islander, 
Hispanic,  Native  American/American  Indian,  and  Other  for  their  race/ethnicity,  a 
comparison  of  the  proportions  of  these  sub-groups  within  the  CGC  and  TGC  groups  is 
not  reasonable.  A  comparison  was  done,  therefore,  using  a  chi-square  test  for  the  African 
American/Black  and  Caucasian/White  sub-groups  only.  Students  who  chose  African 
American/Black  and  Caucasian/White  for  their  race/ethnicity  constituted  96%  of  the 
study  group.  Chi-square  analysis  with  Yate's  correction  for  continuity  revealed  no 
significant  difference  between  the  CGC  and  TCG  groups  regarding  race/ethnicity,  x2(l,  n 
=  269)  =  0.26,  p  =  .61. 
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The  average  (mean)  age  for  students  in  the  TGC  and  CGC  groups  is  given  in 
Table  3-4.  A  Mest  was  performed  in  order  to  determine  if  there  was  a  significant 
difference  between  ages  for  the  two  groups.  Because  there  was  not  a  significant 
difference  between  the  variances  in  age  for  the  two  groups,  F  =  1 .20,  p  =  .28,  the  pooled 
equal  variance  /-value  was  calculated.  At  the  a  =  .05  level,  there  was  no  significant 
difference  between  the  average  ages  for  the  two  groups,  /(279)  =  -1.28,/?  =  .20. 


Table  3-3  Frequency  and  Percentage  of  Race/Ethnicity  by  Group 


Race/Ethnicity 

CGC 

TGC 

Total 

(computer) 

(calculator) 

African  American/Black 

36  (28%) 

40  (26%) 

76  (27%) 

Asian/Pacific  Islander 

1  (  1%) 

0  (  0%) 

1  (  0%) 

Caucasian/White 

83  (64%) 

110(72%) 

193  (69%) 

Hispanic 

2(  1%) 

0(  0%) 

2(  1%) 

Native  American/ American  Indian 

1  (  1%) 

0  (  0%) 

1  (  0%) 

Other 

6(  5%) 

2(  1%) 

8  (  3%) 

Total 

129  (46%) 

152(54%) 

281  (100%) 

Table  3-4  Average  Age  in  Years  by  Group 


Group  n  Average  Age  SD 


CGC  (computer)              129                       19.7                            2.91 
TGC  (calculator) 152 202 3T9 


Because  both  the  CGC  and  TGC  groups  used  graphing  calculators  during  the 
study,  it  was  important  to  determine  whether  or  not  the  two  groups  had  similar  prior 
experience  with  graphing  calculators  when  they  came  into  the  course.  Table  3-5  shows 


105 

students'  reported  prior  use  of  graphing  calculators  by  group.  The  table  includes  the 
percentage  and  frequency  of  students  who  had/had  not  used  a  graphing  calculator  prior  to 
taking  the  college  algebra  course.  Chi-square  analysis  with  Yate's  correction  for 
continuity  revealed  no  significant  difference  between  the  CGC  and  TGC  groups 
regarding  prior  calculator  use,  %  (1,  n  =  281)  =  0.00,  p  =  1.0.  In  addition,  the  vast 
majority  (80%)  of  the  students  in  the  study  had  used  a  graphing  calculator  prior  to  taking 
college  algebra. 

The  review  of  the  existing  research  base  revealed  the  need  for  further  study 
concerning  the  effect  of  technology  on  students'  understanding  of  the  concept  of 
function.  In  particular,  research  concerning  the  effect  of  differing  technological 
environments  that  both  use  graphing  calculators  is  lacking.  The  high  percentage  of 
students  who  have  previously  used  graphing  calculators  in  this  study  (80%)  provides 
further  support  for  this  need. 


Table  3-5  Prior  Graphing  Calculator  Use  by  Group 


Group 

n 

Previously  Used 

a  Graphing  Calculator 

Yes 

No 

CGC  (computer) 
TGC  (calculator) 
Total 

129 
152 
281 

103  (80%) 
122  (80%) 
225  (80%) 

26  (20%) 
30  (20%) 
56  (20%) 

Instructors 

Early  in  the  semester  prior  to  the  study,  the  researcher  asked  the  instructors  to 
participate  in  the  study.  All  instructors  but  one  readily  agreed.  No  pressure  was  placed 
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on  the  reluctant  instructor.  At  the  end  of  the  semester,  the  researcher  again  asked  the 
reluctant  instructor  to  participate.  At  this  time,  the  instructor  agreed. 

Four  instructors  taught  all  ten  sections  included  in  the  study.  All  instructors  in  the 
study  had  a  Master's  degree  in  either  mathematics  or  mathematics  education.  All  were 
experienced  teachers,  with  a  minimum  of  7  years  college  teaching  experience.  Two  of 
the  instructors  taught  the  five  CGC  sections.  The  other  two  instructors  taught  the  five 
TGC  sections.  The  number  of  years  of  teaching  experience  was  used  to  pair  the  teachers 
in  TGC  or  CGC.  Table  3-6  illustrates  the  pairing  across  the  groups  in  order  to  achieve 
balance  between  the  TGC  and  CGC  groups  based  on  college  teaching  experience. 


Table  3-6  College  Teaching  Experience  by  Group 


7 

10 

2 
3 

2 

3 

Teaching  Experience  Indicator  CGC  TGC 

(computer)     (calculator) 

Average  Years  of  College  Teaching  Experience  17  16.5 

Years  of  College  Teaching 

Most  Experienced  Teacher 

Least  Experience  Teacher 
Number  of  Sections  Taught 

Most  Experienced  Teacher 

Least  Experienced  Teacher 


All  of  the  instructors  were  experienced  teaching  with  the  technology  used  in  the 
course  for  both  the  TGC  and  CGC  groups.  The  CGC  group  instructors  both  had  prior 
experience  teaching  the  course  via  computer  software.  In  addition,  all  instructors  had 
prior  experience  using  a  graphing  calculator  for  teaching  college  algebra. 
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Instructional  Materials 

Departmental  policy  at  the  university  requires  that  all  instructors  follow  the 
topical  outline  of  the  department  (see  Appendix  F  for  a  list  of  the  topics).  In  addition,  all 
college  algebra  students  take  the  same  departmental  final  examination  on  the  same  day  at 
the  same  time.  These  departmental  policies  provided  a  strong  impetus  for  creating  a 
common  goal  in  terms  of  instruction  for  algebraic  skills. 

All  college  algebra  students  received  three  hours  credit  for  the  course,  no  matter 
what  instructional  delivery  was  used.  Both  TGC  and  CGC  classes  met  for  150  minutes 
per  week  or  250  minutes  per  week.  Two  of  the  TGC  classes  met  250  minutes  per  week, 
and  two  of  the  CGC  classes  met  250  minutes  per  week.  The  remaining  six  classes  (three 
in  the  TGC  and  three  in  the  CGC)  met  150  minutes  per  week.  Therefore,  both  the  CGC 
and  the  TGC  groups  received  as  a  whole  a  total  of  950  minutes  of  classroom  instruction 
per  week. 

The  function  understanding  component  of  the  study  lasted  for  nine  weeks. 
During  this  time,  the  following  topics  were  covered  by  all  classes  in  the  study:  functions, 
graphs  of  functions,  linear  functions,  quadratic  functions,  transformations  of  graphs 
(graph  shifting),  combining  functions,  inverse  functions,  higher  degree  polynomials,  and 
rational  functions. 
TGC  Treatment 

Students  in  the  TGC  group  used  the  text  College  Algebra,  4th  edition  by  Larson 
and  Hostetler  (1997).  The  text  emphasized  both  symbolic  manipulation  and  graphical 
understanding  and  provided  a  basis  for  a  graphing  approach  to  functions.  All  students  in 
the  TGC  classes  were  required  to  have  a  Texas  Instruments  TI-83  graphing  calculator.  A 
description  of  graphing  calculator  features  is  given  in  Appendix  G.  The  TGC  curriculum 
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combined  the  use  of  the  text,  TI-83  graphing  calculator,  and  graphing  calculator 
activities.  The  text  defined  function,  domain,  and  range  in  the  following  two  ways: 

a)  A  function/from  a  set  A  to  a  set  B  is  a  rule  of  correspondence  that 
assigns  to  each  element  x  in  the  set  A  exactly  one  element  v  in  the  set 
B.  The  set  A  is  called  the  domain  (or  set  of  inputs)  of  the  function/, 
and  the  set  B  contains  the  range  (or  set  of  outputs).  (1997,  p.  197) 

b)  A  function  is  a  relationship  between  two  variables  such  that  to  each 
value  of  the  independent  variable  there  corresponds  exactly  one  value 
of  the  dependent  variable.  The  domain  of  a  function  is  the  set  of  all 
values  (inputs)  of  the  independent  variable  for  which  the  function  is 
defined.  The  range  of  a  function  is  the  set  of  all  values  (outputs) 
assumed  by  the  dependent  variable.  (Larson  &  Hostetler,  1997,  p. 
204) 

In-class  activities  described  a  function  as  (a)  an  input/output  machine  with  exactly 
one  output  for  each  input,  and  (b)  a  relation  in  which  x  does  not  occur  twice.  These 
descriptions  of  function  were  designed  to  alleviate  difficulties  with  the  abstract  definition. 
Activities  related  to  identifying  functions  and  non-functions 

Initial  function-related  activities  included  asking  students  to  identify  functions 
and  non-functions.  In  order  to  prevent  the  misconceptions  that  functions  must  be  lines  or 
algebraic  formulas,  a  variety  of  function  representations  were  used,  including  arrow 
diagrams,  tables,  ordered  pairs,  and  non-linear  algebraic  representations.  For  example, 
students  were  asked  to  determine  whether  the  set  of  ordered  pairs  {(0,2),  (1,  3),  (2,  5),  (2, 
6)}  represented  a  function.  With  the  first  component  of  the  ordered  pair  representing  the 
input  value,  this  set  of  ordered  pairs  is  not  a  function  because  the  input  value  2  has  more 
than  one  output  value  5  and  6.  Table  3-7  represents  the  same  relationship  as  the  ordered 
pairs,  and  is  used  to  illustrate  the  type  of  activities  in  which  students  were  asked  to 
determine  whether  or  not  a  table  represents  a  function. 
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Students  were  asked  to  determine  whether  or  not  a  variety  of  graphs,  mostly 
nonlinear,  represented  functions.  The  vertical  line  test,  stated  as  follows,  was  used:  if 
any  vertical  line  hits  the  graph  at  more  than  one  point,  then  the  graph  does  not  represent  a 
function. 


Table  3-7  A  Tabular  Relationship  that  is  not  a  Function 
Input  Value  x  Output  Value  y 

0  2 

1  3 

2  5 
2  6 


Activities  related  to  domain,  range,  and  translate 

The  speed  at  which  the  graphing  calculator  can  translate  an  algebraic 
representation  to  a  graphical  representation  was  exploited  by  providing  students  with 
activities  related  to  sketching  the  graph  of  a  function  when  given  the  algebraic 
representation.  For  many  activities,  the  "standard"  viewing  rectangle  (-10  <  x  <  10  and 
-10  <  y  <  10)  allowed  students  to  easily  sketch  a  graph.  For  example,  the  graphs  of  the 
functions  f(x)  =  x2  +  3  (Figure  1)  and  f(x)  =  (x  -  l)3  (Figure  2)  were  easily  seen  on  the 
standard  viewing  rectangle  of  the  TI-83  graphing  calculator.  In  these  activities,  students 
could  assimilate  the  concepts  of  domain  and  range. 

Other  activities  were  designed  to  facilitate  accommodation  of  the  function 
concept  in  terms  of  domain  and  range.  For  example,  when  asked  to  graph  the  function 
f(x)  =  x  -  3  Ox  in  class,  students  obtained  the  graph  in  Figure  3  when  the  standard 
viewing  rectangle  (domain/range)  was  used.  This  provided  an  opportunity  for  cognitive 


110 


conflict  concerning  the  students'  concept  of  domain  and  range.  In  particular,  the  viewing 
rectangle  (domain/range)  previously  used  no  longer  worked. 


■         


!■•■■'■*        ■  I   ■      I      ■      ■ 


Figure  1 :  Standard  View  of  f(x)  -  x2+3  Figure  2 :  Standard  View  of  f(x)  =  (x- 1 ) 


1 


Figure  3 :  Standard  View  of  f(x)  =  x*  -  30x' 


The  instructor  then  encouraged  the  use  of  viewing  rectangles  (domain/range) 
other  than  the  standard  domain/range  rectangle.  As  students  modified  the  viewing 
rectangle  (domain/range)  in  order  to  obtain  the  graph,  they  obtained  a  variety  of  partial 
graphical  representations.  Through  class  discussion,  the  teacher  attempted  to  lower  the 
status  of  the  standard  viewing  rectangle  (domain/range),  thereby  facilitating 
accommodation  of  the  concept  that  the  domain  and  range  affects  the  graphical 
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representation  (Hewson,  1996).  In  addition,  this  process  of  modifying  the  domain/range 
values  to  get  a  new  mathematical  object  (graph)  should  promote  reification. 
Activities  related  to  reification 

Activities  related  to  the  transformations  of  graphs  (shifting  graphs  left/right  and 
up/down,  reflecting  graphs  across  the  x-axis)  were  designed  to  facilitate  the  object  view 
of  function  (reification).  The  question  "if  we  know  what  the  graph  of  f(x)  looks  like,  then 
what  does  the  graph  of  f(x)  +  k  look  like  if  k  is  a  constant?"  was  posed  to  the  class.  This 
question  led  to  a  graphing  calculator  exploration.  Students  could  see  the  effect  by 
graphing  f(x),  f(x)  +  1,  f(x)  +  2  simultaneously  on  the  graphing  calculator  for  a  variety  of 

functions  (such  as  f(x)  =  x2,  f(x)  =  x3,  and  f(x)  =  vx  ).  As  an  example,  Figure  4  includes 
the  original  graph  of  f(x)  =  x2,  which  passes  through  the  point  (0,0),  as  well  as  the  graph 
of  g(x)  =  x  +  2,  which  is  the  same  graph  (object)  as  f(x)  ■  x  ,  but  moved  up  two  units. 
This  process  of  performing  actions  on  the  graph  (object)  promoted  reification  (Sfard, 
1991). 


Figure  4:  Moving  an  Object  Up  2  Units 


This  activity  also  provided  an  opportunity  for  cognitive  conflict  related  to  the 
domain  and  range.  The  two  unit  upward  shift  did  not  change  the  steepness  of  the  graph, 
yet  g(x)  =  x2  +  2  looks  steeper  than  f(x)  =  x2. 
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CGC  Treatment 

Students  in  the  CGC  group  met  in  a  computer  lab  for  class  sessions.  All  students 
in  the  CGC  classes  were  required  to  have  a  Texas  Instruments  TI-83  graphing  calculator. 
They  used  the  computer  software  and  accompanying  text,  both  titled  Interactive 
Mathematics:  College  Algebra,  by  Academic  Systems  Corporation  (2000).  The 
accompanying  text  contained  a  summary  of  the  lesson  contained  on  the  CD-ROM 
software.  In  addition,  it  contained  the  homework  problems  that  students  completed. 
When  the  CGC  class  met,  students  sat  at  their  individual  computer  and  went  through  the 
software  lesson  at  their  own  pace.  Due  dates  were  given  by  the  instructor,  however,  for 
the  different  lesson  units. 

The  TGC  and  CGC  definitions  of  function  were  very  similar.  The  computer 

software  defined  function,  domain,  and  range  as  follows: 

A  function  is  a  rule  that  assigns  to  each  input  real  number  x  exactly  one 
output  real  number  y.  The  collection  of  numbers  from  which  the  x's  come 
is  called  the  domain  of  the  function.  The  collection  of  y's  is  called  the 
range  of  the  function. 

Computer  activities  did  not  start  the  function  unit  with  the  definition.  Instead, 
computer  activities  began  with  an  application  of  pattern  recognition  that  resulted  in  an 
algebraic  representation  of  a  function.  Students  then  interactively  evaluated  the  algebraic 
expression  to  obtain  output  y  values  for  given  input  x  values.  The  activities  presented  a 
function  as  an  input/output  machine.  From  an  input/output  machine  perspective,  multiple 
representations  (table,  graph,  algebraic  expression)  of  function  were  presented  prior  to 
the  formal  definition  and  the  introduction  of  domain  and  range. 
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Activities  related  to  identifying  functions  and  non-functions 

The  vertical  line  test  was  demonstrated  dynamically  on  a  graph.  The  activity  was 
display  only  with  no  student  input.  The  computer  software  curriculum  did  not  emphasize 
the  identification  of  functions  and  non-functions. 
Activities  related  to  domain,  range,  and  translate 

Initial  activities  related  to  the  function  concept  displayed  the  tabular,  graphical, 
and  algebraic  representations  of  function  on  the  screen  simultaneously.  The  tabular 
representation  was  obtained  from  the  algebraic  expression,  then  the  graphical 
representation  was  obtained  by  plotting  points  from  the  table.  The  activities  were 
dynamic,  but  not  interactive  (no  student  input). 

Initial  student  activities  concerning  the  domain  and  range  followed  the  dynamic 
displays  of  multiple  representations.  In  the  initial  domain  and  range  activities,  students 
determined  the  domain  and  range  of  given  graphical  representations  (an  increasing  line,  a 
parabola,  and  a  rational  function).  They  then  chose  the  proper  domain  and  range  from  a 
multiple  choice  set.  Interactive  feedback  was  provided. 

In  subsequent  activities,  students  were  asked  to  translate  algebraic  representations 
to  tabular  representations  and  graphical  representations  to  tabular  representations. 
Interactive  feedback  was  provided. 

The  software  displayed  function  representations  on  the  computer  screen, 
including  graphs  of  functions,  and  did  not  encourage  students  to  use  their  TI-83  graphing 
calculator  or  any  other  graphing  utility. 
Activities  related  to  reification 

Activities  related  to  the  transformation  of  graphs  were  used.  First,  the  shifting  of 
linear  graphs  was  displayed.  The  graph  of  the  line  y  =  2x  was  shifted  up  three  units  and 
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down  four  units  to  see  the  relationship  with  the  lines  y  =  2x  +  3  (up  three)  and  y  =  2x  -  4 
(down  four).  Then,  students  were  given  activities.  In  particular,  students  were  given  four 
parallel  linear  graphs  on  the  same  Cartesian  system.  Given  the  algebraic  equation  of  one 
of  the  graphs,  they  were  asked  to  determine  the  algebraic  equation  of  the  other  three 
lines.  Interactive  feedback  was  provided. 

Design  of  the  Study 

This  study  used  a  2  x  2  factorial  quasi-experimental  design  (Shavelson,  1996). 
There  were  two  levels  of  treatment  (TGC  and  CGC)  and  two  levels  of  preferred  amount 
of  instruction  (low  and  high).  The  TGC  (text,  graphing  calculator)  group  (5  classes)  was 
Treatment  Group  I  and  the  CGC  (computer,  graphing  calculator)  group  (5  classes)  was 
Treatment  Group  II.  The  objective  of  the  study  was  to  determine  the  effect  on  function 
understanding  of  (a)  the  treatments,  (b)  the  students'  preferred  amount  of  instruction,  and 
(c)  the  interaction  of  the  treatments  with  the  students'  preferred  amount  of  instruction. 

Comparisons  were  made  between  these  groups  to  see  if  there  was  a  difference  in 
understanding  as  it  relates  to  the  concept  of  function.  A  pretest/posttest  within-subjects 
design  was  used  to  account  for  individual  differences  in  terms  of  understanding  the 
concept  of  function.  Because  random  assignment  of  students  into  groups  was  not 
possible,  pretest  data  in  the  form  of  student  data  (age,  sex,  race/ethnicity,  prior  graphing 
calculator  use)  was  examined  to  determine  whether  the  groups  were  similar  at  the 
beginning  of  the  study. 

Procedures 
The  study  period  lasted  approximately  nine  weeks.  During  this  time,  the  groups 
studied  the  same  function-related  topics.  The  instructor  of  the  course  administered  the 
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student  questionnaire,  technology-mathematics  interaction  survey,  function  pretest,  and 
function  posttest  in  class.  Students  were  allowed  to  use  their  graphing  calculators  on  the 
function  assessment  instruments  (AMATYC,  1995;  Hembree  &  Dessart,  1992;  NCTM, 
2000).  The  TGC  group  was  exposed  to  a  technological  environment  in  which  the 
graphing  calculator  was  an  integral  part  of  instruction.  Students  in  the  TGC  group  were 
encouraged  to  use  their  graphing  calculator  for  both  in-class  and  out-of-class  activities. 
The  CGC  group  was  exposed  to  a  technological  environment  that  also  included  the 
graphing  calculator.  The  software  used  by  the  CGC  group  included  activities  that 
stressed  graphical  representations  of  functions.  The  software  displayed  the  graphical 
representations  on  the  computer  display  and  did  not  stress  the  use  of  another  graphing 
utility,  such  as  the  graphing  calculator.  Table  3-8  provides  a  summary  and  schedule  for 
the  procedures. 

A  2  x  2  factorial  analysis  of  covariance  (ANCOVA)  was  used  to  determine  if 
there  was  a  significant  difference  between  the  posttest  means  of  the  groups  in  terms  of 
understanding  the  function  concept.  The  Domain/Range/Identify/Define/Translate 
(DRIDT)  and  the  Model/Reify  (MR)  instruments  were  used  to  measure  function 
understanding  as  both  pretests  and  posttests.  The  MR  pretest  was  used  as  a  covariate  for 
the  MR  ANCOVA  analysis.  The  DRIDT  pretest  was  used  as  a  covariate  for  the  DRIDT 
ANCOVA  analysis. 
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Table  3-8  Administration  of  Instruments  and  Treatment 


Date 


Instrument 


Time 
(minutes) 


Description 


Jan.  8-12,2001 

Student  Questionnaire 

5-10 

(Week  1) 

Pretest: 
Technology- 
Mathematics 
Interaction 

20 

February  2001  - 
Just  prior  to  the 

Pretest: 
Domain/Range/Identify 

35 

start  of  studying 

/Define/Translate 

functions 

instrument 

Pretest: 

35 

Model/Reify 
instrument 

Treatment  Period: 

Classroom  observations 

(Students  learn 

and  instructor 

about  functions) 

interviews. 

April  2001- 
Immediately  after 
students  finish 
learning  about  the 
function  topics 
listed  in  the 
treatment  period 


Week  15 

Last  week  of  class 


Post-test:  DRIDT 
function  assessment 


35 


Student  information,  preferred 
amount  of  instruction. 
Measure  student  perception  of 
how  much  technology  helps 
them  learn  mathematics. 

Measure  5  aspects  of  function 
understanding  prior  to 
treatment. 

Measure  2  more  aspects  of 
function  understanding  prior 
to  treatment. 

Treatment:  Students  learn 
functions,  linear  functions, 
quadratic  functions,  graphs  of 
functions,  translations  of 
graphs,  inverse  functions, 
combining  functions,  higher 
degree  polynomials,  and 
rational  functions. 
Measure  the  effect  of 
treatment. 


Post-test:  Model/Reify 
function  assessment 
Post-test:  Technology- 
Mathematics 
Interaction 


35 
20 


Measure  the  effect  of 

treatment. 

Measure  the  effect  of 

treatment  on  student 

perception  of  technology  and 

mathematics  learning. 


CHAPTER  4 
RESULTS 


Analysis  for  Domain/Range/Identify/Define/Translate  Instrument 
Descriptive  statistics  for  the  Domain/Range/Identify/Define/Translate  (DRIDT) 
instrument  are  given  in  Table  4-1  for  the  CGC  (computer,  graphing  calculator)  and  TGC 
(text,  graphing  calculator)  groups  as  well  as  the  low  PAI  (preferred  amount  of 
instruction)  and  high  PAI  groups.  An  individual  could  make  a  total  score  of  28  on  the 
instrument.  The  DRIDT  pretest  and  posttest  means  in  Table  4-1  are  raw  scores  on  a  scale 
from  0  to  28.  Using  a  Mest  at  the  a  =  .05  level,  there  was  not  a  significant  difference 
between  the  CGC  and  TGC  groups  on  the  pretest,  t(202)  =  -0.52,  p  =  .61.  This  further 
verifies  the  similarity  of  the  two  groups  at  the  start  of  the  treatment  period.  The  CGC 
group  had  a  posttest  mean  score  of  6.38  or  23%.  The  TGC  group  had  a  posttest  mean 
score  of  9.32  or  33%.  Neither  the  TGC  group  nor  the  CGC  group  was  successful  in 
terms  of  obtaining  a  passing  score  of  60%. 


Table  4-1  DRIDT  Pretest  and  Posttest  Descriptive  Statistics 


Group 

Pretest 

Posttest 

n 

Mean 

SD 

n 

Mean 

SD 

TGC 
CGC 

High  PAI 
Low  PAI 

112 
93 

102 
92 

1.43 
1.18 
1.34 
1.18 

2.77 
2.63 
2.80 
2.49 

103 
76 
90 
81 

9.32 
6.38 
7.86 
8.15 

5.42 
5.14 
5.20 
5.42 
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An  analysis  of  covariance  (ANCOVA)  at  the  a  =  .05  level  was  utilized  in  this  2x2 
factorial  design  to  determine  whether  there  was  a  significant  difference  between  the 
posttest  means.  There  were  two  levels  of  treatment  group  (TGC  and  CGC)  and  two 
levels  of  preferred  amount  of  instruction  (High  and  Low). 

Before  using  ANCOVA,  three  assumptions  must  be  met.  First,  the 
pretest/posttest  relationship  must  be  linear.  Second,  there  must  be  equal  variance  around 
the  regression  line  formed  by  the  pretest/posttest  scores.  Third,  the  slopes  of  the 
pretest/posttest  regression  lines  for  the  TGC  /  CGC  groups  must  be  the  same  and  the 
slopes  of  the  pretest/posttest  regression  lines  for  the  Low  PAI/High  PAI  groups  must  be 
the  same.  The  first  and  second  assumptions  were  met  by  visually  inspecting  the 
pretest/posttest  scatter  plot.  No  interaction  was  found  between  the  pretest  and  TGC/CGC 
groups,  F(l,  152)  =  0.03, p  =  .87;  nor  was  an  interaction  found  between  the  pretest  and 
Low  PAI/High  PAI  groups,  F(l,  152)  =  0.10,  p  =  .75.  Therefore,  the  third  assumption 
was  also  met. 

The  ANCOVA  results  in  Table  4-2  revealed  a  significant  main  effect  for  the 
treatment  group  (TGC/CGC),  no  significant  main  effect  for  the  PAI  level,  and  no 
Treatment  x  PAI  interaction  effect.  Table  4-3  contains  the  adjusted  posttest  means  for 
the  TGC  and  CGC  groups  after  controlling  for  individual  differences  using  the  pretest. 
Students  who  participated  in  the  TGC  (text,  graphing  calculator)  curriculum  had  a 
significantly  higher  group  mean  than  students  who  participated  in  the  CGC  (computer, 
graphing  calculator)  curriculum.  Therefore,  the  TGC  curriculum  was  more  effective  at 
enhancing  student  understanding  of  the  function  concept  in  terms  of  their  ability  to  apply 
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domain  and  range,  identify  functions,  define  function,  and  translate  functions  than  the 
CGC  curriculum. 


Table  4-2  DRIDT  Analysis  of  Covariance 


Source  df  Type  III  SS 


Group                               1  193.66  8.45  .0042 

Pretest                              1  378.70  16.53  <.0001 

PAI  Level                         1  0.29  0.01  .9112 

Group  x  PAI  Level            1  29.59  1.29  .2575 

Model                              4  602.24 

Error  148  3390.12 


Table  4-3  Adjusted  Posttest  Means  for  the  DRIDT  Instrument 


Group  Adjusted  Mean 

TGC  8.70 

CGC  6.38 

High  PAI  7.59 

Low  PAI  7.50 


The  ANCOVA  results  led  to  the  rejection  of  the  following  hypothesis: 

A  TGC  technological  curriculum  and  a  CGC  technological  curriculum 
will  have  the  same  effect  on  students'  understanding  of  the  concept  of 
function  in  terms  of  their  application  of  domain/range  concepts  and  their 
ability  to  identify,  define,  and  translate  functions. 

The  ANCOVA  results  led  to  the  acceptance  of  the  following  hypotheses: 

The  students'  preferred  amount  of  instruction  will  not  affect  student 
understanding  of  the  concept  of  function  in  terms  of  their  application  of 
domain/range  concepts  and  their  ability  to  identify,  define,  and  translate 
functions. 
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The  students'  preferred  amount  of  instruction  will  not  interact  with  the 
TGC  or  CGC  curricula  to  affect  students'  understanding  of  the  concept  of 
function  in  terms  of  their  application  of  domain/range  concepts  and  their 
ability  to  identify,  define,  and  translate  functions. 

Analysis  for  Model/Reify  Instrument 
Descriptive  statistics  for  the  Model/Reify  (MR)  instrument,  including  adjusted 
means,  are  given  in  Table  4-4.  The  total  possible  score  on  the  instrument  was  eight.  The 
stated  means  for  the  MR  pretest  and  posttest  are  raw  scores  on  a  scale  from  0  to  8.  Using 
a  Mest  at  the  a  =  .05  level,  there  was  not  a  significant  difference  between  the  CGC  and 
TGC  groups  on  the  pretest,  /(200)  -  -1.49,/?  =  .14.  The  CGC  group  had  a  posttest  mean 
score  of  2.51  or  31%.  The  TGC  group  had  a  posttest  mean  score  of  2.86  or  36%.  Neither 
the  CGC  nor  the  TGC  groups  were  successful  in  terms  of  obtaining  a  passing  score  of 
60%. 


Table  4-4  MR  Pretest  and  Posttest  Descriptive  Statistics 


Group 


Pretest 


Posttest 


n 


Mean 


SD 


n 


Mean 


SD 


Adjusted 
Posttest 
Mean 


TGC 

107 

2.20 

1.50 

101 

2.86 

1.63 

2.71 

CGC 

96 

1.91 

1.35 

71 

2.51 

1.40 

2.58 

High  PAI 

98 

2.04 

1.49 

88 

2.64 

1.54 

2.59 

Low  PAI 

92 

2.12 

1.37 

76 

2.75 

1.53 

2.69 

An  analysis  of  covariance  (ANCOVA)  at  the  a  =  .05  level  was  utilized  in  this  2x2 
factorial  design  to  determine  whether  there  was  a  significant  difference  between  the 
posttest  means.  There  were  two  levels  of  treatment  group  (TGC  and  CGC)  and  two 
levels  of  preferred  amount  of  instruction  (High  and  Low). 


121 

The  three  assumptions  that  were  verified  when  utilizing  ANCOVA  to  analyze  the 
DRIDT  instrument  were  also  verified  for  the  MR  instrument.  The  first  and  second 
assumptions  were  met  by  visually  inspecting  the  pretest/posttest  scatter  plot.  No 
interaction  was  found  between  the  pretest  and  TGC/CGC  groups,  F(l,  147)  =  0.87,/?  = 
.35;  nor  was  an  interaction  found  between  the  pretest  and  Low  PAI/High  PAI  groups, 
F(l,  147)  =  0.07,  p  ■  .80.  Therefore,  the  third  assumption  was  also  met. 

The  ANCOVA  results  in  Table  4-5  revealed  no  significant  main  effect  for  the 
group  (TGC/CGC),  no  significant  main  effect  for  the  PAI  level,  and  no  Group  x  PAI 
interaction  effect.    After  accounting  for  individual  differences  using  the  pretest  scores, 
there  was  not  a  significant  difference  in  posttest  means  between  the  TGC  and  CGC 
technology  curriculum  groups.  Also,  there  was  not  a  significant  difference  between  the 
posttest  means  for  students  who  preferred  a  low  amount  of  instruction  and  students  who 
preferred  amount  a  high  amount  of  instruction. 


Table  4-5  MR  Analysis  of  Covariance 


Source 

df 

Type  III  SS 

F 

P 

Group 

1 

0.57 

0.37 

.5440 

Pretest 

1 

126.61 

81.20 

<  .0001 

PAI  Level 

1 

0.37 

0.23 

.6288 

Group  x  PAI  Level 

1 

0.00 

0.00 

.9844 

Model 

4 

127.55 

Error 

143 

222.97 

The  ANCOVA  results  in  Table  4-5  led  to  the  acceptance  of  the  following 


hypotheses: 
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A  TGC  technological  curriculum  and  a  CGC  technological  curriculum 
will  have  the  same  effect  on  students'  understanding  of  the  concept  of 
function  in  terms  of  their  ability  to  model  and  reify  functions. 

The  students'  preferred  amount  of  instruction  will  not  affect  students' 
understanding  of  the  concept  of  function  in  terms  of  their  ability  to  model 
and  reify  functions. 

The  students'  preferred  amount  of  instruction  will  not  interact  with  the 
TGC  or  CGC  curricula  to  affect  students'  understanding  of  the  concept  of 
function  in  terms  of  their  ability  to  model  and  reify  functions. 


Analysis  for  Technology-Mathematics  Interaction  Instrument 
The  Technology-Mathematics  Interaction  (TMI)  instrument  administered  during 
the  last  week  of  the  course  was  analyzed  to  measure  students'  perception  concerning  the 
level  in  which  the  technology  used  in  the  course  enhanced  their  mathematical 
understanding.  The  CGC  group's  instrument  (Appendix  C)  was  designed  to  measure  the 
level  of  interaction  between  the  computer  and  mathematical  learning.  The  TGC  group's 
instrument  (Appendix  D)  was  designed  to  measure  the  level  of  interaction  between  the 
graphing  calculator  and  mathematical  learning.  Descriptive  statistics  for  the  TMI 
instruments  are  given  in  Table  4-6. 

An  independent  Mest  of  the  TGC  and  CGC  groups  was  used  to  determine 
whether  the  TMI  mean  scores  at  the  end  of  the  course  significantly  differed.  In  order  to 
employ  the  Mest,  two  assumptions  must  be  met.  First,  the  two  groups  must  be 
independent.  The  independence  of  the  two  groups  was  demonstrated  for  a  variety  of 
variables  in  chapter  three.  Second,  the  groups  must  have  equal  variances.  There  was  very 
little  difference  between  the  variances  of  the  TGC  group  (0.69)  and  the  CGC  group 
(0.72). 
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Table  4-6  Technology-Mathematics  Interaction  Descriptive  Statistics 


Group  n  Mean  SD 

TGC  (text-calculator)                        106  4.71  0.83 

CGC  (computer-calculator) 68  4.45  0.85 


At  the  a  =  .05  level,  there  was  a  significant  difference  between  the  mean  scores  of 
the  TGC  and  CGC  groups,  f(172)  =  -1 .99,  p  =  .0486.  The  Mest  result  led  to  the  rejection 
of  the  following  hypothesis: 

The  graphing  calculator  technology  used  in  the  TGC  curriculum  will  be 
viewed  by  students  as  having  the  same  effect  on  their  mathematics 
learning  as  the  computer  technology  used  in  the  CGC  curriculum. 

At  the  end  of  the  course,  the  students  in  the  TGC  group  viewed  the  graphing  calculator  as 
more  beneficial  to  mathematics  learning  than  the  CGC  group  viewed  the  computer. 

Exploratory  Analysis 
Of  particular  interest  in  this  study  was  (a)  students'  ability  to  apply  the  domain 
and  range  concepts,  (b)  students'  concept  image  of  functions  as  demonstrated  by  their 
ability  to  identify  and  define  functions,  (c)  students'  ability  to  translate  between  algebraic 
and  graphical  representations,  and  (d)  students'  ability  to  reify  functions. 

Domain  and  Range 

The  domain  and  range  component  of  the  DRIDT  instrument  (Appendix  A 

problems  1-7)  was  found  to  be  a  reliable  instrument  in  the  pilot  study  (Cronbach's  alpha 

=  .91  with  14  scored  items).  In  addition,  the  domain/range  component  for  algebraic 

representations  (Appendix  A  problems  1  -4)  was  found  to  be  a  reliable  instrument 

(Cronbach's  alpha  =  .83  with  8  scored  items).  Lastly,  the  domain/range  component  for 
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graphical  representations  (Appendix  A  problems  5-7)  was  found  to  be  a  reliable 
instrument  (Cronbach's  alpha  ■  .85  with  6  scored  items). 

Descriptive  statistics  for  the  domain/range  component,  algebraic  domain/range 
component,  and  graphical  domain/range  component  are  given  in  Table  4-7,  Table  4-8, 
and  Table  4-9  respectively  using  raw  data.  The  maximum  score  possible  for  the 
domain/range  component,  algebraic  domain/range  component,  and  graphical 
domain/range  component  was  14,  8,  and  6  points,  respectively.  Neither  the  TGC  group 
(40%  correct)  nor  the  CGC  group  (27%  correct)  achieved  a  successful  percentage  of 
correct  responses  on  the  posttest  domain/range  component.  The  algebraic  domain/range 
component  (TGC  38%  correct,  CGC  29%  correct)  and  the  graphical  domain/range 
component  (TGC  44%  correct,  CGC  26%  correct)  yielded  similar  results. 


Table  4-7  Domain/Range  Descriptive  Statistics 


Group 


Pretest 


Posttest 


Mean        SD 


Mean 


SD 


Adjusted 

Posttest 

Mean 


TGC 

112 

0.69 

2.08 

103 

5.64 

3.98 

5.46 

CGC 

93 

0.57 

1.80 

76 

3.82 

3.67 

3.74 

All  Students 

205 

0.63 

1.95 

179 

4.87 

3.94 

Table  4-8  Algebraic  Domain/Range  Descriptive  Statistics 


Group 

Pretest 

n 

Posttest 
Mean 

SD 

Adjusted 
Posttest 

n 

Mean 

SD 

Mean 

TGC 
CGC 
All  Students 

112 

93 

205 

0.39 
0.30 
0.35 

1.16 
0.95 
1.07 

103 
76 
179 

3.00 
2.29 
2.70 

2.41 
2.21 
2.35 

2.87 
2.26 
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Table  4-9  Graphical  Domain/Range  Descriptive  Statistics 

Group  Pretest  Posttest  Adjusted 

Posttest 

n        Mean        SD  n  Mean         SD         Mean 


TGC 

112 

0.29 

1.04 

103 

2.64 

1.97 

2.59 

CGC 

93 

0.27 

0.99 

76 

1.53 

1.78 

1.48 

All  Students 

205 

0.28 

1.01 

179 

2.17 

1.96 

In  order  to  verify  that  there  was  not  a  difference  in  the  slopes  of  the  TGC  and 
CGC  pretest/posttest  regression  lines  for  the  domain/range,  algebraic  domain/range,  and 
graphical  domain/range  components,  an  interaction  test  was  run  to  see  if  the  pretest 
interacted  with  the  group.  No  interaction  was  found,  so  there  was  not  a  significant 
difference  in  the  regression  line  slopes  (see  Table  4-10).  ANCOVA  tests  were  utilized  to 
determine  if  there  was  a  significant  difference  in  posttest  mean  scores  for  the  two  groups 
for  the  domain/range,  algebraic  domain/range,  and  graphical  domain/range  components. 
Results  of  the  tests  are  given  in  Table  4-10. 

At  the  a  =  .05  level,  there  was  a  significant  difference  between  the  TGC  and  CGC 
group  posttest  means  for  the  domain/range  and  graphical  domain/range  components  after 
controlling  for  individual  differences  using  the  appropriate  component  pretest  score:  F(l, 
160)  -  8.85,p  =  .003;  F(l,160)  =  14.44,/?  =  .0002.  The  students  who  participated  in  the 
TGC  curriculum  demonstrated  a  stronger  ability  to  apply  domain  and  range  concepts  than 
the  students  who  participated  in  the  CGC  curriculum.  Furthermore,  the  students  who 
participated  in  the  TGC  curriculum  demonstrated  a  much  stronger  ability  to  apply  the 
domain/range  concept  in  its  graphical  representation  than  did  the  students  who 
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participated  in  the  CGC  curriculum.  However,  there  was  not  a  significant  difference 
between  the  two  groups  in  terms  of  the  algebraic  domain/range  component. 


Table  4-10  Domain/Range  Components  Analysis  of  Covariance 

Component  Test  for  Equal  CGC  and  Test  for  Equal  Posttest 

TGC  Regression  Line             Means  Using  ANCOVA 
Slopes 


F 


Domain/Range                          1.70               .1943                    8.85  .0034 

Algebraic  Domain/Range           0.04                .8446                     3.05  .0829 

Graphical  Domain/Range  2.61 .1080 14.44 .0002 


In  addition  to  the  analysis  of  the  various  domain/range  components  as  represented 
by  problems  1  -7  on  the  DRIDT  instrument,  a  DRIDT  posttest  translation  item  (Appendix 
A  problem  21)  that  included  a  domain  restriction  was  analyzed  in  detail.  Of  the  179 
students  who  participated  in  the  DRIDT  assessment,  only  seven  (4%)  translated  the  graph 
to  the  correct  algebraic  formula  with  the  correct  domain.  As  indicated  in  Table  4-11, 
94%  of  all  students  either  ignored  the  domain  (52%)  or  did  not  respond  to  the  assessment 
item  (42%).  Only  6%  of  all  students  attended  to  the  domain  in  their  response. 


Table  4-1 1  Attention  to  Domain  during  a  Translation  Activity 

Group  No  Response  (Did  not  Provided  an  Provided  an 

Provide  an  Equation  Equation,  but  Ignored  Equation,  and 

or  Domain)  Domain  Included  Domain 

Freq.  %  Freq.  %  Freq.  % 


TGC 

41 

40 

53 

51 

9 

9 

CGC 

35 

46 

40 

53 

1 

1 

All  Students 

76 

42 

93 

52 

10 

6 
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A  2  x  3  chi-square  test  was  performed  using  the  data  in  Table  4-11  with  two 
groups  of  students  (TGC  and  CGC)  and  3  response  categories  (none,  ignored  domain, 
and  included  domain).  There  was  not  a  significant  difference  in  how  TGC  and  CGC 
students  responded  to  the  item,  %  (2,  n  =  179)  =  4.73,  p  =  .09. 
Concept  Image  -  Identify  and  Define 

The  identify/define  component  of  the  DRIDT  instrument  (Appendix  A  numbers 
8-15)  was  found  to  be  a  reliable  measure  in  the  pilot  study  (Cronbach's  alpha  ■  .81  with  8 
scored  items).  Descriptive  statistics  are  given  in  Table  4-12  for  the  identify/define 
component  of  the  pretest  and  posttest. 


Table  4-12  Identify  /  Define  Descriptive  Statistics 


Group  Pretest  Posttest  Adjusted 

Posttest 


Mean        SD  n  Mean         SD         Mean 


TGC 

112 

0.17 

0.64 

103 

1.88 

1.83 

1.76 

CGC 

93 

0.28 

0.84 

76 

1.49 

1.80 

1.48 

All  Students 

205 

0.22 

0.74 

179 

1.72 

1.82 

Both  the  TGC  and  CGC  groups  had  great  difficulty  identifying  and  defining 
functions.  The  TGC  students  had  a  mean  score  of  1.88  (24%)  and  the  CGC  students  had 
a  mean  score  of  1 .49  (19%)  on  the  posttest.  Combined,  the  students  had  a  mean  posttest 
score  of  1 .72  (22%).  Using  ANCOVA  analysis,  there  was  not  a  significant  difference 
between  the  posttest  scores  of  the  TGC  and  CGC  groups  after  adjusting  for  the  pretest, 
F(l,  160)  =  0.96,/?  =  .33.  Therefore,  the  TGC  curriculum  and  the  CGC  curriculum  had 
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the  same  effect  on  the  students'  concept  image  of  function  in  terms  of  their  ability  to 
define  function  and  identify  functions. 

Further  analysis  was  performed  for  all  students.    The  identify/define  component 
can  be  broken  down  into  four  distinct  parts:  (a)  identify  a  graphical  representation,  (b) 
identify  an  algebraic  representation,  (c)  identify  a  relationship  (written)  representation, 
and  (d)  define  function.  The  students  performed  by  far  the  best  (32-5 1%  correct)  on  the 
activities  related  to  identifying  whether  or  not  a  graphical  representation  is  a  function.  In 
their  written  explanations,  the  students  referred  to  the  vertical  line  test  to  explain  whether 
or  not  the  representation  was  a  function.  Students'  strength  in  their  ability  to  apply  the 
vertical  line  test,  however,  was  oftentimes  weakened  by  their  misconception  that  a 
graphical  representation  of  a  function  must  be  continuous.  In  particular,  of  the  72 
students  who  used  the  vertical  line  test  to  correctly  identify  the  continuous  graphs  in 
numbers  8  and  10  as  a  nonfunction  or  a  function,  19  students  (26%)  abandoned  the 
vertical  line  test  to  state  that  the  graph  in  number  9  was  not  a  function  because  it  was 
broken,  or  not  continuous. 

Fewer  than  15%  of  students  successfully  identified  whether  or  not  algebraic 
representations  were  functions.  Fewer  than  5%  of  students  successfully  identified 
whether  or  not  written  descriptions  of  relationships  were  functions.  Lastly,  only  20%  of 
students  provided  an  academically  proper  definition  of  function  that  included  both  the 
relationship  and  uniqueness  of  the  modern  Dirichlet-Bourbaki  definition  of  function. 

Students'  written  responses  to  the  question  "what  is  a  function?"  were  analyzed  in 
detail  for  47  randomly  chosen  students  in  order  to  gain  further  insight  into  their  concept 
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image  of  function.  Table  4-13  contains  a  categorization  of  their  responses.  Of  the 
students  who  gave  a  response,  57%  referred  to  a  function  as  an  equation. 


Table  4-13  Categorization  of  Definitions 


Category  Frequency  Percent 


No  Response 

Equation 

Relationship  or  Dependence 

Problem  or  Statement 

17 
17 
4 
4 

36 
36 
9 
9 

Numbers,  Inputs,  Outputs 
Mathematical  Model 

3 

1 

6 

2 

Ordered  Pair 

1 

2 

Total 

47 

100 

Reify 

Numbers  5-7  (four  items  scored)  of  the  MR  instrument  (Appendix  B)  comprise 
the  reification  component  of  the  MR  instrument.  Descriptive  statistics  for  the  reification 
component  of  the  MR  instrument  are  given  in  Table  4-14  for  the  TGC  and  CGC  groups. 


Table  4-14  Reify  Descriptive  Statistics 


Group 

n 

Pretest 
Mean 

SD 

n 

Posttest 
Mean 

SD 

TGC  (text-calculator) 
CGC  (computer-calculator) 
All  Students 

107 
96 

203 

0.83 

0.70 
0.77 

0.84 
0.71 
0.78 

101 

71 

172 

1.30 
1.17 
1.24 

0.82 
0.88 
0.84 
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The  TGC  group  answered  33%  of  the  reify  items  correctly,  and  the  CGC  group 
answered  29%  of  the  items  correctly.  Due  to  the  low  number  of  items  on  the  reification 
component  of  the  MR  instrument,  the  reification  component  was  not  a  very  reliable 
instrument  on  its  own  (Cronbach's  alpha  =  .42).  Therefore,  no  statistical  tests  were 
performed  to  determine  if  there  was  a  significant  difference  between  the  two  groups  on 
the  reification  component. 

On  the  reification  items  of  the  MR  instrument,  78%  of  the  students  correctly 
identified  the  significance  of  m  relative  to  the  graph  of  the  function  f(x)  =  mx  +  b.  Of 
the  36  items  on  the  DRIDT  and  MR  instruments,  this  item  was  one  of  only  two  items  that 
more  than  70%  of  the  students  correctly  answered. 

Of  the  172  students  assessed  using  the  MR  instrument,  none  correctly  responded 
to  number  6b  which  asked  students  to  describe  how  many  x-intercepts  there  could  be  in 
the  function  f(x)  =  ax2  +  bx  +  c  as  well  as  how  they  would  find  the  x-intercepts.  No 
student  correctly  stated  that  there  could  be  0,  1 ,  or  2  x-intercepts.  This  was  one  of  two 
items  on  the  DRIDT  and  MR  instruments  that  no  student  in  either  the  TGC  or  the  CGC 
group  correctly  answered. 

Classroom  Observations 
The  researcher  observed  the  classroom  for  6  of  the  10  class  sections  included  in 
the  study.  These  six  class  sections  included  all  instructors  in  the  research  study.  Both 
TGC  and  CGC  sections  were  observed.  Classroom  observations  were  conducted  while 
the  concept  of  function  was  being  presented.  Also,  the  researcher  met  with  the 
instructors  six  times  during  the  study.  In  addition  to  discussing  administrative  aspects  of 
the  study,  such  as  the  administration  of  surveys  to  students,  the  instructors  were  asked 
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questions  related  to  the  function  concept  and  the  use  of  technology  (computer  and 
graphing  calculator).  The  classroom  observations  and  instructor  interviews  were 
intended  to  supplement  the  quantitative  discussion. 


CHAPTER  5 
CONCLUSION 

Summary 

The  purpose  of  this  study  was  to  examine  the  effects  of  different  technological 
environments  that  use  graphing  calculators  on  students'  understanding  of  the  concept  of 
function  in  college  algebra  as  represented  by  their  understanding  of  domain  and  range  as 
well  as  their  ability  to  identify,  define,  translate,  model,  and  reify  functions.  The  design 
was  a  quasi-experimental  design  with  two  treatment  groups.  Each  group  included  five 
class  sections  of  college  algebra  students.  The  first  group,  the  TGC  (text,  graphing 
calculator)  group,  was  taught  via  activities  using  the  text  and  a  graphing  calculator  for  the 
entire  course.  Virtually  all  classroom  presentations  were  lecture.  All  students  were 
required  to  have  a  graphing  calculator  for  the  entire  course.  The  second  group,  the  CGC 
(computer,  graphing  calculator)  group,  was  taught  via  activities  using  the  computer  and 
graphing  calculator  for  the  entire  course.  Students  used  the  computer  software  at  their 
own  pace.  There  were  very  few  lectures.  All  students  were  required  to  have  a  graphing 
calculator  for  the  entire  course.  Students  in  both  groups  were  allowed  to  use  their 
graphing  calculator  on  all  exams  in  the  course. 

The  objective  of  the  study  was  to  (a)  determine  how  the  different  technological 
curricula  effect  students'  understanding  of  the  concept  of  function;  (b)  determine  whether 
the  amount  of  instruction  that  students  prefer  interacts  with  the  technological  curricula  to 
affect  students'  understanding  of  the  function  concept;  and  (c)  determine  which 
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technology,  computers  or  graphing  calculators,  students  perceive  as  being  most  beneficial 
for  enhancing  their  mathematical  learning. 

Two  hundred  eighty-one  college  students  participated  in  the  study.  Because  the 
students  must  be  allowed  to  register  for  courses  themselves,  random  assignment  into 
groups  was  not  possible.  To  assess  the  effect  of  the  two  different  technological  curricula 
on  student  understanding  of  the  function  concept,  the  Domain/Range/Identify/ 
Define/Translate  (DRIDT)  and  Model/Reify  (MR)  instruments  were  administered  as 
pretests  and  posttests.  The  pretest  was  administered  prior  to  studying  the  concept  of 
function.  The  posttest  was  administered  approximately  nine  weeks  later.  Both  groups 
studied  the  same  function-related  topics  in  the  interim. 

To  assess  the  amount  of  instruction  that  students  prefer,  the  Hannafin-Scott 
Survey  was  administered  on  the  first  day  of  class.  In  order  to  assess  students'  perception 
concerning  how  much  the  technology  enhanced  mathematical  learning,  two  versions  of 
the  Galbraith-Haines  Mathematics-Computing  Attitude  Scales  were  administered  to 
students  during  the  last  week  of  class.  Section  five  of  the  scales  includes  the 
Technology-Mathematics  Interaction  survey.  The  computer  version  of  the  survey 
(Appendix  C)  was  used  to  assess  the  CGC  students'  view  of  how  much  the  computer 
helped  them  learn  mathematics.  The  graphing  calculator  version  of  the  survey  (Appendix 
D)  was  used  to  assess  the  TGC  students'  view  of  how  much  the  graphing  calculator 
helped  them  learn  mathematics. 

During  the  treatment  period,  both  treatment  groups  took  part  in  activities  designed 
to  enhance  understanding  of  the  function  concept.  The  main  focus  of  this  study  was  on 
activities  related  to  domain  and  range.  The  TGC  group  took  part  in  graphing  calculator 


134 

activities  related  to  the  algebraic  and  graphical  representations  of  function  that  were 
designed  to  promote  understanding  of  the  function  concept  via  assimilation  and 
accommodation.  The  CGC  group  domain  and  range  activities  included  the  dynamic 
presentation  of  domain  and  range  concepts  using  multiple  representations  of  functions  on 
the  computer  screen  as  well  as  interactive  feedback  based  on  student  responses. 

ANCOVA  was  used  to  compare  the  posttests  on  the  Domain/Range/Identify/ 
Define/Translate  instrument  and  the  Model/Reify  instrument.  The  respective  pretest  was 
used  as  a  covariate.  A  2  x  2  factorial  design  with  two  levels  of  treatment  (CGC  and 
TGC)  and  two  levels  of  preferred  amount  of  instruction  (high  and  low)  was  used. 
Students  who  scored  less  than  the  mean  on  the  Hannafin-Scott  preferred  amount  of 
instruction  survey  were  categorized  in  the  low  group  and  those  scoring  above  the  mean 
were  categorized  in  the  high  group. 

The  ANCOVA  results  of  both  the  Model/Reify  and  the  Domain/Range/Identify/ 
Define/Translate  instruments  revealed  that  the  level  of  the  students'  preferred  amount  of 
instruction  (high  or  low)  had  no  affect  on  their  understanding  of  the  concept  of  function 
in  terms  of  their  application  of  domain/range  concepts  and  their  ability  to  identify,  define, 
translate,  model,  and  reify  functions.  In  addition,  the  students'  preferred  amount  of 
instruction  (high  or  low)  did  not  interact  with  the  technological  curriculum  (TGC  or 
CGC)  to  affect  the  students'  understanding  of  the  function  concept. 

The  ANCOVA  results  of  the  Model/Reify  instrument  revealed  that  the  TGC  and 
CGC  curricula  had  the  same  effect  on  the  students'  understanding  of  the  function  concept 
in  terms  of  their  ability  to  model  and  reify  functions.  However,  the  results  on  the 
Domain/Range/Identify/Define/Translate  instrument  revealed  that  students  who 
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participated  in  the  TGC  curriculum  better  understood  the  function  concept  in  terms  of 
their  application  of  domain/range  concepts  and  their  ability  to  identify,  define,  and 
translate  functions  than  students  who  participated  in  the  CGC  curriculum. 

The  TGC  group  had  a  posttest  mean  score  of  33%  on  the  DRIDT  instrument.  The 
CGC  group  had  a  posttest  mean  score  of  23%  on  the  DRIDT  instrument.  The 
Domain/Range,  Graphical  Domain/Range,  Algebraic  Domain/Range,  and  Identify/Define 
components  of  the  DRIDT  instrument  were  all  reliable  instruments.  Because  the 
preferred  amount  of  instruction  was  not  found  to  have  an  effect  on  the  posttests,  the 
preferred  amount  of  instruction  was  not  used  in  further  exploratory  analysis.  Therefore, 
ANCOVA  was  used  to  test  for  differences  in  posttest  means  between  the  TGC  and  CGC 
groups  on  the  Domain/Range,  Graphical  Domain/Range,  Algebraic  Domain/Range,  and 
Identify/Define  components.  The  TGC  group  had  a  significantly  higher  posttest  mean  on 
the  Domain/Range  component  than  the  CGC  group.  Further  analysis  on  the  Graphical 
Domain/Range  and  the  Algebraic  Domain/Range  revealed  that  the  TGC  group  had  a 
significantly  higher  posttest  mean  than  the  CGC  group  on  the  Graphical  Domain/Range 
component,  but  there  was  not  a  significant  difference  on  the  Algebraic  Domain/Range 
component.  The  TGC  group  scored  44%  on  the  Graphical  Domain/Range  component 
posttest  while  the  CGC  group  scored  26%  on  the  Graphical  Domain/Range  component. 
Although  both  groups  had  equal  access  to  graphing  calculators  during  the  study,  the  TGC 
group  demonstrated  a  much  stronger  understanding  of  the  domain  and  range  concept 
when  functions  were  in  a  graphical  representation  than  did  the  CGC  group. 

There  was  not  a  significant  difference  between  the  two  groups'  Identify/Define 
component.  The  TGC  and  CGC  treatments,  therefore,  had  the  same  effect  on  students' 
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concept  image  of  function.  Only  22%  of  the  students  in  the  study  gave  an  academically 
correct  definition  of  function.  Of  the  students  who  gave  a  response  when  asked  to  define 
function,  the  majority  (57%)  referred  to  a  function  as  an  equation  while  none  referred  to  a 
function  as  a  graph. 

Further  analysis  on  the  graphical  representation  of  functions  revealed  that  students 
have  a  strong  concept  image  of  the  graphical  representation  in  terms  of  the  vertical  line 
test  and  continuity.  Of  those  students  who  were  successful  at  using  the  vertical  line  test, 
26%  abandoned  the  vertical  line  test  and  incorrectly  used  continuity  as  the  criteria  for 
determining  whether  or  not  a  graph  was  a  function. 

A  Mest  was  used  to  compare  the  posttest  means  of  the  Technology-Mathematics- 

Interaction  Surveys.  The  Mest  led  to  the  rejection  of  the  following  hypothesis: 

The  graphing  calculator  technology  used  in  the  TGC  curriculum  will  be 
viewed  by  students  as  having  the  same  effect  on  their  mathematics 
learning  as  the  computer  technology  used  in  the  CGC  curriculum. 

Students  in  the  TGC  group  had  a  significantly  stronger  view  that  the  graphing  calculator 

was  beneficial  to  their  mathematical  learning  than  the  view  held  by  the  CGC  group  that 

the  computer  was  beneficial  to  their  mathematical  learning. 

Discussion 
The  TGC  (text,  graphing  calculator)  group  demonstrated  a  significantly  better 
understanding  of  the  concept  of  function  as  measured  by  the  Domain/Range/Identify/ 
Define/Translate  instrument  than  the  CGC  (computer,  graphing  calculator)  group.  There 
is  a  two-fold  explanation  for  this  better  understanding.  First,  classroom  observations 
revealed  that  the  graphing  calculator  was  better  integrated  into  the  TGC  course  than  it 
was  integrated  into  the  CGC  course.  More  students  in  the  TGC  course  used  their 
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graphing  calculators  during  class  than  did  students  in  the  CGC  course.  The  computer 
software  used  for  the  CGC  group  did  not  promote  the  use  of  the  graphing  calculator  for 
student  explorations,  but  in-class  activities  for  the  TGC  group  did  promote  the  use  of  the 
graphing  calculator. 

Secondly,  the  domain  and  range  activities  used  in  the  TGC  course  were  designed 
to  specifically  take  advantage  of  the  benefits  of  the  graphing  calculator  by  promoting 
accommodation  via  cognitive  conflict.  The  domain  and  range  activities  in  the  CGC 
course  took  advantage  of  multiple  representations  of  functions  by  displaying  the  tabular, 
graphical,  and  algebraic  representations  simultaneously  on  the  screen.  However,  the 
activities  utilized  the  technology  as  a  display  unit,  did  not  promote  student  graphing,  and 
did  not  provide  opportunities  for  cognitive  conflict  related  to  the  domain  and  range. 
These  two  explanations  were  validated  by  the  TGC  groups'  significantly  stronger  ability 
to  apply  domain  and  range  concepts  on  graphical  representations  of  functions.  The 
explanations  were  also  validated  by  the  students'  view  that  the  graphing  calculator  better 
enhanced  mathematics  learning  in  the  TGC  course  than  did  the  computer  in  the  CGC 
course. 

Although  not  statistically  significant  on  the  Model/Reify  instrument,  the  TGC 
group  had  a  higher  posttest  mean  on  both  the  Domain/Range/Identify/Define/Translate 
and  the  Model/Reify  instruments  than  the  CGC  group.  In  addition,  the  posttest  mean  for 
the  TGC  group  was  higher  than  the  CGC  group  for  all  sub-components  of  the  two 
instruments,  which  included  domain,  range,  identify,  define,  translate,  model,  and  reify. 
There  was  a  statistically  significant  difference  between  the  posttest  means  for  the 
domain/range  component.  For  the  translate  component,  the  TGC  group  had  a  posttest 
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mean  of  30%  correct  while  the  CGC  group  had  a  posttest  mean  of  18%.  While  not 
statistically  significant  due  to  the  low  reliability  of  the  translate  component,  the  higher 
performance  by  the  TGC  group  gives  some  support  to  the  hypothesis  that  an  emphasis  on 
domain  and  range  via  graphing  calculator  activities  will  enhance  students'  ability  to 
translate  between  representations  of  functions.  This  hypothesis  needs  to  be  further 
explored  with  a  more  reliable  translate  instrument. 

Students  in  both  the  TGC  and  CGC  groups  compartmentalized  the  concepts  of 
domain  and  range  and  did  not  consider  domain  and  range  when  solving  problems.  They 
tended  to  ignore  the  domain  and  range  when  doing  activities  that  did  not  explicitly  ask 
them  to  attend  to  the  domain  and  range.  None  of  the  students  in  the  study  used  the  words 
domain  and  range  when  defining  a  function.  Similarly,  when  asked  to  translate  a 
graphical  representation  of  a  linear  function  with  domain  x  >  0  to  its  algebraic 
representation,  only  6%  of  all  students  attended  to  the  domain  in  their  response. 

Students  in  both  groups  had  great  difficulty  with  all  components  of  the 
Domain/Range/Identify/Define/Translate  and  Model/Reify  instruments.  When 
considering  all  students  in-the  study,  there  was  no  posttest  mean  beyond  40%  correct  for 
the  domain/range,  identify,  define,  translate,  model,  and  reify  components.  Further 
exploration  revealed  that  the  students  in  the  study  were  better  at  finding  the  domain  of  a 
graph  (51%  correct)  than  an  algebraic  representation  (42%  correct).  These  results  were 
consistent  with  Kaput  (1989),  Caldwell  (1995),  and  Markovits  et  al.  (1988).  When  asked 
to  find  the  range  of  graphs  (29%  correct)  and  algebraic  representations  (30%  correct), 
however,  the  benefit  of  the  graphical  representation  was  no  longer  present.  The  define, 
identify,  and  translate  components  caused  great  difficulty  with  20%,  22%,  and  25% 
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posttest  means  respectively.  An  analysis  of  the  items  on  the  Domain/Range/ 
Identify/Define/Translate  instrument  revealed  the  following  student  difficulties: 

1 .  Identifying  whether  or  not  an  algebraic  formula  represents  a  function 

2.  Identifying  whether  or  not  a  written  description  of  a  relationship  represents  a 
function 

3.  Obtaining  the  algebraic  representation  of  a  function  when  given  the  graphical 
representation  of  a  function 

4.  Graphing  functions  when  given  the  algebraic  representation  with  a  domain 
restriction 

5.  Considering  the  domain  when  translating  from  the  graphical  representation  of 
a  function  to  its  algebraic  representation 

6.  Determining  the  range  of  a  function  when  given  the  algebraic  representation 

7.  Determining  the  range  of  a  function  when  given  the  graphical  representation. 
When  asked  to  identify  whether  or  not  given  representations  were  functions,  the 

students  performed  best  when  given  a  graphical  representation.  Analysis  of  the 
explanations  for  these  items  revealed  a  very  strong  concept  image  of  a  function  in  terms 
of  the  vertical  line  test.  This  finding  was  consistent  with  Adams  (1997).  It  was  also 
determined  that  the  misconception  of  functions  as  continuous  was  a  very  strong 
misconception.  This  finding  of  a  continuity  misconception  was  consistent  with  the 
findings  of  Carlson  (1998),  Harel  and  Trgalova  (1996),  Markovits  et  al.  (1988),  and  Tall 
(1996).  Of  the  students  who  correctly  explained  the  use  of  the  vertical  line  test  on  items 
with  continuous  graphs,  26%  abandoned  the  vertical  line  test  when  faced  with  a 
discontinuous  graph. 


140 

Analysis  of  students'  definition  of  function  revealed  a  strong  concept  image  of  a 
function  as  an  equation,  with  57%  of  students  who  responded  to  the  item  describing  a 
function  in  terms  of  an  equation  or  formula.  This  finding  was  consistent  with  Carlson 
(1998),  Eisenberg  (1992),  Sfard  (1992),  and  Vinner  and  Dreyfus  (1989).  Classroom 
observations  revealed  a  strong  emphasis  was  placed  on  the  algebraic  representation.  In 
addition,  graphing  calculator  use  was  driven  by  the  algebraic  formula.  After  entering  the 
algebraic  formula  into  the  calculator,  the  learner  can  easily  obtain  the  graph  and  numeric 
table  for  the  function.  The  graphing  calculator  did  not,  however,  allow  the  learner  to 
obtain  the  algebraic  formula  from  the  graph.  While  the  algebraic  formula  can  be 
obtained  from  a  numeric  table  on  the  graphing  calculator,  the  process  is  difficult.  The 
graphing  calculator  tool,  therefore,  raises  the  status  of  the  algebraic  representation  of 
function. 

Porzio  (1995)  determined  that  the  computer  group  demonstrated  a  stronger 
understanding  of  the  function  concept  than  a  graphing  calculator  group  as  indicated  by 
their  ability  to  use  and  connect  multiple  representations.  This  study,  however,  found  that 
the  graphing  calculator  group  demonstrated  a  stronger  understanding  of  the  concept  of 
function  than  the  computer  group.  In  the  study  by  Porzio  (1995),  the  graphing  calculator 
group  was  exposed  to  very  few  activities  that  were  designed  to  make  connections  across 
representations.  In  the  present  study,  however,  activities  were  designed  for  the  graphing 
calculator  (TGC)  group  that  promoted  cognitive  conflict  in  order  to  facilitate 
understanding.  Also,  in  the  present  study  the  computer  software  used  dynamic  displays 
of  multiple  representations.  However,  the  student  was  not  allowed  to  interactively  act  on 
the  representations  in  order  to  see  the  effect  of  that  interaction  on  both  the  representation 
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as  well  as  other  representations  of  the  same  function.  It  is  unclear  whether  or  not  the 
computer  group  in  the  Porzio  (1995)  study  used  software  that  allowed  for  this  interactive 
manipulation  of  mathematical  representations  as  recommended  by  Kaput  (1989).  This 
interactive  manipulation  was  instrumental  in  the  positive  findings  of  Confrey  and  Doerr 
(1996),  Olsen  (1995),  and  Schwarz  and  Dreyfus  (1995). 

Due  to  a  lack  of  high  reliability  for  the  reification  component  of  the  Model/Reify 
instrument,  the  effect  of  the  TGC  and  CGC  curricula  on  students'  ability  to  reify 
functions  was  not  as  clear  as  it  was  for  the  effect  on  the  other  components.  However,  the 
similar  scores  on  the  reify  posttest  for  the  two  groups  (33%  and  29%)  indicated  little 
difference. 

Limitations  of  the  Study 
Several  limitations  must  be  considered  when  interpreting  the  results  of  the  study. 
Because  students  must  be  allowed  to  self-register  for  courses  at  the  institution  of  the 
study,  they  were  not  randomly  assigned  into  the  TGC  or  CGC  groups.  Because  random 
assignment  was  not  possible,  data  was  gathered  in  order  to  verify  that  the  two  groups  of 
college  algebra  students  were  similar. 

.  The  instructors  in  the  study  were  volunteers  and  not  randomly  chosen.  Although 
the  present  study  focused  on  the  concept  of  function,  agreement  to  participate  in  the  study 
necessitated  a  semester-long  commitment  to  teach  college  algebra  using  computer 
software  with  a  graphing  calculator  or  using  a  text  with  a  graphing  calculator.  Because 
teaching  the  college  algebra  course  in  these  two  different  ways  would  greatly  increase  the 
workload  of  all  instructors  in  the  study,  a  design  in  which  each  instructor  teaches  in  both 
groups  was  not  feasible.  Although  the  four  instructors  were  balanced  by  teaching 
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experience  in  the  study,  the  different  teaching  styles  of  the  instructors  could  have  affected 
the  presentation  of  the  function  concept  and,  thereby,  the  results  of  the  study. 

Although  the  CGC  and  TGC  groups  were  presented  with  the  same  college  algebra 
topics,  they  did  not  cover  the  same  topics  on  the  same  day.  Therefore,  the  timing  of  the 
DRIDT  and  MR  pretest  and  posttest  instruments  was  problematic.  Instead  of  a 
chronological  approach,  which  would  constitute  giving  the  pretests  and  posttests  to  both 
groups  on  the  same  day,  a  topical  approach  was  taken  to  determine  when  to  administer 
the  pretests  and  posttests.  The  pretest  was  administered  just  prior  to  the  topics  of  the 
study.  Similarly,  the  posttest  was  administered  after  the  topics  of  the  study.  The  pretests 
and  posttests,  however,  were  not  given  on  the  same  day.  While  the  topics  covered  during 
the  delay  in  time  between  test  administrations  for  the  TGC  and  CGC  groups  were  not  part 
of  the  study  (and  not  included  on  the  assessment  instruments),  one  cannot  be  certain  that 
the  learning  that  occurred  during  this  time  frame  did  not  affect  students'  understanding  of 
the  concept  of  function. 

Because  students  were  informed  that  the  MR  and  DRIDT  instrument  results  did 
not  affect  their  grade,  they  may  not  have  been  motivated  to  perform  well  on  the 
instrument.  All  instructors  in  the  study  were  given  the  same  set  of  instructions  related  to 
administering  the  instruments,  however,  their  relationship  with  their  students  and  their 
individual  explanations  concerning  the  importance  of  the  instruments  may  have  affected 
the  students'  motivation. 

While  only  slight  modifications  were  made  to  the  computer  version  of  the 
Technology-Mathematics  Interaction  instrument  to  obtain  the  graphing  calculator  version 
of  the  instrument,  these  forms  have  not  been  shown  to  be  reliable  alternate  forms. 
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Implications 
Implications  for  Mathematics  Curricula 

The  concept  of  function  is  an  important  concept  in  college  mathematics.  Yet, 
college  algebra  students  demonstrate  a  lack  of  understanding  of  the  function  concept  in 
terms  of  their  ability  to  apply  domain  and  range  concepts  as  well  as  their  ability  to 
identify,  define,  translate,  and  reify  functions.  The  results  of  this  study  have  several 
implications  concerning  the  mathematics  curriculum.  The  compartmentalization  of  the 
concepts  related  to  function  needs  to  be  addressed.  A  stronger  emphasis  needs  to  be 
placed  on  the  function  concept  throughout  school  mathematics  prior  to  college  algebra  as 
well  as  within  college  algebra  itself  in  order  to  reduce  compartmentalization. 

Students  tend  to  ignore  the  domain  and  range  concepts  of  function  largely  because 
the  concepts  are  not  made  an  integrated  and  connected  part  of  the  function  concept. 
While  the  domain  and  range  components  of  function  are  an  integral  part  of  a  function,  the 
current  curriculum  rarely  treats  the  domain  and  range  as  an  integral  concept  that  is 
strongly  connected  to  idea  of  function.  Activities  need  to  be  included  throughout  the 
algebra  curriculum  that  force  students  to  attend  to  the  domain  and  range  when 
considering  functions. 

A  greater  variety  of  representations  needs  to  be  included  throughout  the 
mathematics  curriculum.  The  heavy  emphasis  on  the  algebraic  representation  of 
functions  leads  to  the  misconception  that  functions  must  be  equations.  The  graphical  and 
tabular  representations  of  functions  need  to  be  incorporated  throughout  the  curriculum, 
not  taught  in  isolation.  More  variety  of  graphical  representations  need  to  be  included  in 
the  mathematics  curriculum.  The  current  emphasis  on  "nice"  functions  in  terms  of 
continuous  graphs  leads  to  misconceptions  concerning  the  function  concept.  By  focusing 
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too  much  on  the  graphs  of  linear  and  quadratic  functions,  some  students  were  left  with 
the  impression  that  a  function  could  not  have  "too  many  x-intercepts." 

To  better  understand  the  importance  of  the  formal  Dirichlet-Bourbaki  definition 
of  function,  students  first  need  to  be  introduced  to  the  formalist  view  of  mathematics. 
Without  this  introduction  to  the  formalist  view,  the  importance  of  the  definition  will 
elude  students  and  they  will  develop  criteria  other  than  "relationship"  and  "uniqueness" 
when  they  consider  functions.  The  lower  order  concepts  of  set,  correspondence,  and 
uniqueness  need  to  be  introduced  prior  to  introducing  the  formal  definition  of  function. 

Activities  that  include  graphing  calculator  use  need  to  be  purposefully  and 
thoughtfully  designed  in  order  to  make  connections  across  representations.  The  graphing 
calculator  needs  to  be  used  as  a  tool  that  promotes  accommodation  of  new  concepts,  not 
just  a  tool  for  verifying  answers.  When  implementing  curriculum  via  computer  software, 
the  activities  need  to  make  connections  across  multiple  representations  in  both  a  dynamic 
and  interactive  way. 
Implications  for  Mathematics  Instruction 

The  mode  of  instruction  for  the  TGC  group  and  the  CGC  group  was  not  the  same. 
Instruction  in  the  TGC  classes  consisted  of  the  lecture  mode.  The  CGC  instructors  rarely 
stood  at  the  front  of  the  class  lecturing.  Instead,  they  helped  students  individually  as  the 
students  went  through  the  computer  software  activities.  The  presence  of  the  graphing 
calculator  was  more  noticeable  in  the  TGC  classes  than  in  the  CGC  classes.  Students  in 
the  TGC  classes  were  more  likely  to  use  their  graphing  calculators  simultaneously  with 
the  instructor  than  students  in  the  CGC  classes  were  to  use  their  graphing  calculators 
simultaneously  with  the  computer.  Student  dialogue  during  classroom  observations  also 
indicated  that  the  TGC  group  used  the  graphing  calculator  more  when  doing  activities 
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outside  of  the  classroom.  Furthermore,  student  questions  in  the  TGC  classes  included 
reference  to  the  graphing  calculator  much  more  often  than  student  questions  in  the  CGC 
classes.  Evidence  of  cognitive  conflict  was  present  in  the  TGC  classes  as  students 
questioned  why  the  graphing  calculator  was  not  "giving  the  right  answers." 

While  the  TGC  and  CGC  groups  had  equal  access  to  graphing  calculators,  the 
instruction  did  not  provide  equal  emphasis  on  student  graphing  and  graphing  calculator 
use.  The  computer  software  used  by  the  CGC  group  provided  graphical  displays  for  the 
learner  and  did  not  promote  student  graphing.  Care  needs  to  be  taken  when  selecting 
computer  software  to  ensure  that  student  use  of  the  graphing  utility  is  emphasized 
through  the  activities.  With  better  software  selection,  the  computer  will  become  a  more 
valuable  tool  for  promoting  student  learning. 

Classroom  observations  in  the  TGC  and  CGC  classes  revealed  that  the  TGC 
instructors  emphasized  the  use  of  the  graphing  calculator  more  than  the  CGC  instructors. 
The  TGC  instructors  were  more  likely  to  use  the  graphing  calculator  in  class  than  were 
the  CGC  instructors.  By  using  the  graphing  calculator  more  frequently,  the  TGC 
instructors  gave  the  graphing  calculator  a  higher  status  than  did  the  CGC  instructors. 
This  may  have  been  due  to  the  difference  in  instructional  delivery.  The  TGC  classes 
were  predominately  lecture,  while  the  CGC  classes  were  self-paced  using  the  computer 
software.  Instructors  need  to  be  made  aware  of  the  importance  of  student  graphing  using 
graphing  utilities.  In  addition,  instructors  who  teach  in  a  self-paced,  computer  software 
environment  need  training  that  will  help  them  emphasize  the  value  of  the  graphing 
calculator  to  their  students. 
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Recommendations 
The  results  of  this  study  demonstrated  that  providing  students  with  graphing 
calculator  activities  that  promote  student  graphing  and  provide  opportunities  for  cognitive 
conflict  can  enhance  students'  understanding  of  the  function  concept.  In  particular,  these 
activities  can  enhance  student  understanding  of  domain  and  range.  Mathematics 
educators  need  to  identify  activities  that  utilize  graphing  calculators  to  enhance  the 
concept  of  domain  and  range  via  cognitive  conflict.  While  both  groups  in  this  study  had 
equal  access  to  graphing  calculators,  the  computer  software  group  did  not  receive 
instruction  that  promoted  graphing  calculator  use,  nor  did  that  group  receive  instruction 
that  promoted  cognitive  conflict. 

While  the  computer-graphing  calculator  group  did  not  perform  as  well  as  the  text- 
graphing  calculator  group  in  this  study,  the  computer  hardware  was  not  found  to  be  the 
cause.  Instead,  this  study  points  to  the  importance  of  proper  software  selection.  This 
study  supports  existing  research  that  indicates  computer  software  must  be  both  dynamic 
and  interactive  in  order  to  effectively  enhance  student  understanding  of  the  function 
concept  via  multiple  representations.  Further  research  is  needed  to  compare  the  effect  on 
students'  understanding  of  function  of  (a)  a  dynamic  and  interactive  computer 
environment  that  uses  multiple  linked  representations  and  (b)  a  graphing  calculator 
environment.  In  order  to  conduct  this  research,  computer  software  that  provides  multiple 
linked  representations  that  can  be  manipulated  by  the  learner  needs  to  be  made  readily 
available.  Comparisons  of  different  technological  environments  are  needed  to  inform 
mathematics  educators  as  they  strive  to  design  and  implement  instruction  in  a  way  that 
best  enhances  students'  understanding  of  the  function  concept. 
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Graphing  calculators  that  are  not  driven  by  the  algebraic  formula  need  to  be  made 
available  to  mathematics  educators.  In  this  way,  graphing  calculator  activities  can  be 
developed  that  raise  that  status  of  the  graphical  and  tabular  representations  of  functions. 

The  theoretical  framework  used  in  the  study  proved  to  be  useful  in  terms  of 
designing  activities,  assessing  student  understanding,  and  analyzing  results.  The 
theoretical  framework  included  ideas  that  were  not  explored  in  this  study.  In  particular, 
the  effect  of  explicitly  teaching  the  lower  order  concepts  of  set,  correspondence,  and 
uniqueness  in  college  algebra  prior  to  the  formal  definition  of  function  needs  to  be 
studied.  Also,  the  effect  of  instruction  that  is  designed  to  introduce  college  algebra 
students  to  the  formalist  view  of  mathematics  prior  to  studying  the  Dirichlet-Bourbaki 
definition  of  function  needs  to  be  studied. 

One  difficulty  associated  with  the  theoretical  framework  was  assessing  the 
students'  ability  to  reify  functions,  which  is  based  on  Piaget's  notion  of  reflective 
abstraction.  Reification  involves  moving  from  an  action/process  view  of  function  to  an 
object  view.  It  is  problematic,  however,  to  determine  the  perspective  with  which  a 
student  solves  a  problem.  Valid  and  reliable  instruments  for  assessing  reification  need  to 
be  developed.  These  instruments  need  to  include  items  from  both  pure  mathematics 
(context-free)  and  applied  mathematics  (within  a  context).  More  research  is  needed  to 
find  teaching  methods  that  will  promote  the  reification  of  the  function  concept, 
particularly  in  a  technological  environment.  Furthermore,  the  effect  of  different 
technological  environments  on  students'  ability  to  reify  functions  needs  to  be  further 
explored. 
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The  results  of  the  study  led  to  many  questions.  Further  research  is  needed  to 
determine  (a)  why  the  majority  of  students  who  responded  to  the  question  "what  is  a 
function?"  view  a  function  as  an  equation  when  their  activities  focused  heavily  on 
graphical  representations  of  functions,  (b)  why  do  students  tend  not  to  use  a  graphical 
understanding  when  problem-solving,  and  (c)  why  do  students  who  know  the  vertical  line 
test  abandon  it  for  continuity.  Through  further  research,  mathematics  educators  can 
better  understand  why  the  graphical  representation  is  being  compartmentalized.  Are 
there  other  educational  activities  that  will  prevent  this  compartmentalization?  Does  the 
graphing  technology  make  the  graphical  representation  something  that  is  viewed  as 
external  to  the  student,  thereby  contributing  to  compartmentalization?  Similarly,  while 
the  focus  on  domain  and  range  via  graphing  calculator  activities  enhanced  student 
understanding  of  domain  and  range,  why  did  this  focus  not  yield  a  higher  proportion  of 
students  who  attend  to  the  domain  when  not  explicitly  asked  to  do  so?  What  type  of 
activities  can  be  developed  in  order  to  prevent  domain  from  being  compartmentalized? 

This  study  lasted  for  only  one  semester.  Research  is  needed  to  determine  the 
long-term  effect  of  the  graphing  calculator  and  computer  on  students'  understanding  of 
the  function  concept. 


APPENDIX  A 
DOMAIN/RANGE/IDENTIFY/DEFINE/TRANSLATE  INSTRUMENT 


Student  Number 


Function  Instrument  1 :  Domain/Range/Identify/Defme/Translate 

Numbers  1-7:  Determine  the  domain  and  range  of  the  following  functions. 


=  J~x 


Domain 


Range 


2. 


x-l 


3. 


y  =  2x3  +  5x2-x-4 


4.  y  =  -\x\ 


y* 


i  ■• 


-+— i — f- 

I     2.     3 


-►  * 


►  % 


149 


150 


< 1 ft   i »— ♦— i — *■  -x. 


Numbers  8-10:  Do  the  following  graphs  represent  the  graph  of  a  function? 

8.         Yes  No 


y 


Explanation: 


Yes 


No 


Explanation: 
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10. 


Yes 


No 


2  + 


>a 


Explanation: 


Numbers  11-12:  Do  the  following  equations  represent  functions  of  x? 

11.        2x  +  y  =  4 


Yes 


Explanation: 


No 


12.        x  =  y* 


Yes 


Explanation: 


No 


Numbers  13-14:  Do  the  following  relationships  describe  a  function? 

13.       The  amount  of  money  received  from  a  $  1 000  investment  depends  on  the  interest 
rate. 


Yes 


No 


Explanation: 
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14. 


SdHghlf 6SS  °f  M  °nCOmlng  ^^  headHghtS  d6pends  °n  the  distance  from  ^ 


Yes 


No 


Explanation: 


1 5 .        What  is  a  function? 


16. 


Graph  the  function  f(x)  =  x3  -  4. 


1 7.       Graph  the  function  f(x)  =  2x2  -  5  for  -3  <  x  <  4. 


>x. 


18. 


Graph  the  function  f(x)  =  ^ . 


-►X 
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19.       Give  the  equation  of  the  line  shown  in  the  graph  below. 
Answer:  y  = 


►  y- 


20.       Give  the  equation  of  the  graph  shown  below. 
Answer:  y= 


2 1 .       Give  the  equation  of  the  graph  shown  below. 
Answer:  y  = 


*i 

k 

1  - 

4 

fe.  .i 

^ 

1 

i\ 

w  a 

1 

r 

Items  1-3,  5-7,  and  17-18  were  reprinted  from  Adams  (1993).  The  effects  of  graphing 
calculators  and  a  model  for  conceptual  change  on  community  college  algebra  students' 
concept  of  function. .  (Doctoral  dissertation,  University  of  Florida,  1993,  pp.  131-133). 
Reprinted  with  permission  of  the  author. 


APPENDIX  B 
MODEL/REIFY  INSTRUMENT 


Student  Number 


Function  Instrument  2:  Model/Reify 


2. 


3. 


John  plans  to  rent  a  car  for  a  day.  He  finds  out  that  the  cost  for  one  day  is  $25 
plus  a  mileage  charge  of  $0. 1 9  per  mile.  Using  C  for  the  cost  and  x  for  the 
number  of  miles  write  a  symbolic  rule  (formula/equation)  that  expresses  the  cost 
as  a  function  of  the  number  of  miles.  came  cost 


Answer: 


A  company  produces  calculators  for  $30  each,  and  sells  them  for  $90  each   Its 
monthly  fixed  cost  is  $15,000.  Write  a  symbolic  rule  (formula/equation) 
expressing  the  monthly  cost  C  as  a  function  of  the  number  of  calculators 


Answer: 


When  an  object  is  acted  on  by  the  force  of  gravity,  its  height  H  in  feet  is 
dependent  on  time  t,  in  seconds,  according  to  the  following  formula: 

H(t)  =  -16t2  +  v0t  +  ho 

where  vo  =  initial  velocity  and  ho  =  initial  height.  Suppose  that  a  ball  is  thrown 
upwards  with  an  initial  velocity  of  64  ft/sec  from  a  building  that  is  192  fcThid, 
Write  a  symbolic  rule  (formula/equation)  expressing  H  as  a  function  of  t        ^ 

Answer: 


154 


155 


Circle  the  letter  below  the  tmmhe  tw       ^ 

traveled  at  time  t)  *****  ^  C°Uld  rePrese*  a  journey,  (d  is  distance 


(a)  (b) 

For  the  function  f(x)  -  n,  +  b,  answer  the  following: 

Relative  to  the  graph  of  f(x),  what  is  the  significance  of  m? 

ft"  SVT 8  qU6Stl0nS  — '  *  *  W*  of  the  function 
(a)  What  is  the  significance  of  a? 


(b)  How  many  x-intercepts  could  there  be 


and  how  could  you  find  them? 


R^  +  3n  n  =  5-2p 

Write  the  formula  (symbolie  rule)  for  R  in  terms  rf 


Student  Number  (SSN) 

SECTION  1 

neutral 


strongly  agree       ».•»• 

agree  ^  miJdJy 

agree 


mildly      disagree 
disagree 


T,  «^dgree 

i  te  prospect  of  having  to  |Mm 

g  t0  learn  new  mathematics  m»lr. 
strongly  „  ma^s  makes  me  nervous, 


strongly 
agree 


a8fee       mildly        nentra, 

agree"        ^         5*^      disagree 

disagree 


'-getgoodresuiteinnuthematjcs 


strongly 
agree 


•»      miUIy       neutraJ 

agree  mnajy      disagree 

disagree 


';— *^mafafaanyoiher 

stronalv  .  u"ject 

neutral 


agree 


mildly      disagree 
disagree 


ir0  ■  "isagree 

Havmg  to  learn  difficult  tnn-     • 


strongly 
agree 


6. 


<*«*        mildly        neutraJ 
agree 


mildly      disagree 
disagree 


No  matter  how  much  7  ef,^ 


strongly 
agree 


agree        miidly         neutraJ 

agree  Jmi,dly      disagree 

disagree 
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strongly 
disagree 


strongly 
disagree 


strongly 
disagree 


strongly 
disagree 


strongly 
disagree 


strongly 
disagree 
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7-  I  am  not  naturally  good  at  mathematics. 

singly  agree       nnldly        neutraI  ildJy      ^^ 

8    C  dlsa&™  disagrJ 

8-  I  have  a  lot  of  confidence  when  it  comes  to  mathematics, 
strongly  agree       mildly        neutral         ™;mi 

Ta't     d'Sagree       S 
SECTION  2 

1  •        Mathematics  is  a  subject  I  enjoy  doing. 

strongly  agree       mildly        neutral  ™,mi 

agree  *        neUtral         ******      disagree        strongly 

8  disagree  disagree 

2-        Having  to  spend  a  lot  of  time  on  a  mathematics  problem  frustrates  me. 

strongly  agree       mildly        neutral  miui 

agree  *        neUtral         ■**      disagree        strongly 

8  disagree  disagrJ 

ml;~srStand  ^  S°me  Pe°Ple  -  *  S0  ^husiastic  about  doing 

tref  agree       J*        —         -ildly      disagree        strongly 

8    6  dlsa^  disagree 

I  can  become  completely  absorbed  doing  mathematics  problems. 

strongly  agree       mildly        neutral         miui 

agree  a„re/        neUtral         ™My      disagree        strongly 

*  dlsa8ree  disagree 

If  something  about  mathematics  puzzles  me  I  wn,,M  -A 
answer  than  have  to  work  it  out  myseK  S°me°ne  give  me  *■ 

strongly  agree       mildly        neutral         ™;ui 

d^e     dlS3gree        ™ 
I  like  to  stick  at  a  mathematics  problem  until  I  get  it  done, 
strongly  agree       mildly        neutral  mJMi 

£*     *■«*•     £g 


3. 
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The  challenge  of  understanding  mathematics  does  not  appeal  to  me. 
agree       mildly        neutral 


strongly 
agree 


mildly 
agree 


mildly      disagree        strongly 
disagree  disagree 


If  something  about  mathematics  puzzles  me,  I  find  myself  thinking  about  it 
afterwards. 


strongly 

agree 

mildly 

agree 

agree 

SECTION  3 

neutral 


mildly      disagree        strongly 
disagree  disagree 


- 


As  a  male/female  (circle  the  one  that  applies),  I  feel  disadvantaged  in  having  to 
use  computers. 


strongly           agree       mildly        neutral         mildly 
agree                             agree                            disagree 

disagree 

strongly 
disagree 

I  have  a  lot  of  self-confidence  in  using  computers. 

strongly           agree       mildly        neutral         mildly 
agree                             agree                            disagree 

disagree 

strongly 
disagree 

I  feel  more  confident  of  my  answers  with  a  computer  to  help  me. 

strongly           agree       mildly        neutral         mildly 
agree                            agree                           disagree 

disagree 

strongly 
disagree 

If  a  computer  procedure  I  am  using  goes  wrong,  I  panic. 

strongly           agree       mildly        neutral         mildly 
agree                            agree                           disagree 

disagree 

strongly 
disagree 

I  feel  nervous  when  I  have  to  learn  new  procedures  on  a  computer. 

strongly           agree       mildly        neutral         mildly 
agree                             agree                            disagree 

disagree 

strongly 
disagree 

I  am  confident  that  I  can  master  any  computer  procedure  that  is  needed  for  my 
course. 


strongly 
agree 


agree       mildly 
agree 


neutral         mildly      disagree        strongly 
disagree  disagree 
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I  don't  trust  myself  to  get  the  right  answers  using  a  computer 
agree  neutral 


strongly 
agree 


mildly 
agree 


mildly      disagree        strongly 
disagree  disagree 


If  I  make  a  mistake  when  using  a  computer,  I  am  usually  able  to  work  out  what  to 
do  for  myself. 


strongly 
agree 

SECTION  4 


agree       mildly        neutral         mildly      disagree        strongly 
agree  disagree  disagree 


2. 


4. 


If  I  can  avoid  using  a  computer,  I  will. 

agree       mildly        neutral 


strongly 
agree 


mildly 
agree 


mildly      disagree        strongly 
disagree  disagree 


The  way  computers  force  you  to  follow  a  procedure  annoys  me 
agree       mildly        neutral 


strongly 
agree 


mildly 
agree 


mildly      disagree 
disagree 


strongly 
disagree 


I  will  work  at  a  computer  for  long  periods  of  time  to  successfully  complete  a  task, 
agree  neutral 


strongly 
agree 


mildly 
agree 


mildly      disagree 
disagree 


I  enjoy  thinking  up  new  ideas  and  examples  to  try  out  on  a  computer, 
agree       mildly        neutral 


strongly 
agree 


mildly 
agree 


mildly      disagree 
disagree 


Using  a  computer  makes  learning  more  enjoyable 
agree       mildly        neutral 


strongly 
agree 


mildly 
agree 


mildly      disagree 
disagree 


I  like  the  freedom  to  experiment  that  is  provided  by  a  computer 
agree  neutral 


strongly 
agree 


mildly 
agree 


mildly      disagree 
disagree 


strongly 
disagree 


strongly 
disagree 


strongly 
disagree 


strongly 
disagree 
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I  don't  understand  how  some  people  can  get  so  involved  with  computers. 


strongly           agree       mildly        neutral 
agree                            agree 

mildly 
disagree 

disagree 

strongly 
disagree 

8.       Using  computers  makes  me  mentally  lazy. 

strongly           agree       mildly        neutral 
agree                            agree 

mildly 
disagree 

disagree 

strongly 
disagree 

SECTION  5 

1 .  Computers  help  me  to  learn  mathematics  better  by  providing  many  examples  to 
work  through. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

2.  I  find  it  difficult  to  transfer  understanding  of  mathematics  from  a  computer  screen 
to  my  head. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

3.  By  looking  after  messy  calculations,  computers  make  it  easier  to  learn  essential 
mathematics  ideas. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

4.  When  I  read  a  computer  screen,  I  tend  to  gloss  over  the  details  of  the 
mathematics. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

5.  I  find  it  helpful  to  make  notes  in  addition  to  copying  material  from  the  computer 
screen  or  obtaining  a  printout. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

6.  I  rarely  review  the  mathematics  material  soon  after  a  computer  session  is  finished. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 
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7.  Following  keyboard  instructions  takes  my  attention  away  from  the  mathematics. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

8.  Computers  help  me  to  link  knowledge  in  mathematics  e.g.  the  shapes  of  graphs 
and  their  equations. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

SECTION  6 

1 .  I  find  working  through  mathematics  examples  less  effective  than  memorizing 
given  material. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

2.  I  find  it  helpful  to  test  mathematics  understanding  by  attempting  exercises  and 
problems. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

3.  When  studying  mathematics,  I  try  to  link  new  ideas  to  knowledge  I  already  have. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

4.  When  learning  new  mathematical  material,  I  make  notes  to  help  me  understand 
and  remember. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

5.  I  like  to  study  mathematics  topics  all  at  once  rather  than  space  out  my  study. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 
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6.       I  don't  usually  make  time  to  check  my  own  mathematics  work  to  find  and  correct 
errors. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 


All  items  were  reprinted  from  Galbraith  and  Haines  (2000).  Mathematics-computing 
attitude  scales.  Monographs  in  Continuing  Education,  January  2000  (pp.  38-40). 
London:  Department  of  Continuing  Education,  City  University.  Reprinted  with 
permission  of  the  authors.  Copyright  ©  2000 


APPENDIX  D 
MATHEMATICS-COMPUTING  ATTITUDE  SCALES-CALCULATOR 


Student  Number  (SSN) 


Please  read  the  statements  below  carefully,  then  circle  your  response.  Simply  be  honest 
with  your  responses.  Your  responses  to  this  survey  will  have  no  impact  on  your  grade  in 
the  course. 

SECTION  1 

1 .  Mathematics  is  a  subject  in  which  I  get  value  for  effort. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

2.  The  prospect  of  having  to  learn  new  mathematics  makes  me  nervous. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

3.  I  can  get  good  results  in  mathematics. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

4.  I  am  more  worried  about  mathematics  than  any  other  subject. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

5.  Having  to  learn  difficult  topics  in  mathematics  does  not  worry  me. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

6.  No  matter  how  much  I  study,  mathematics  is  always  difficult  for  me. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 
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7.  I  am  not  naturally  good  at  mathematics. 

strongly  agree       mildly        neutral         mildly      disagree 

agree  agree  disagree 

8.  I  have  a  lot  of  confidence  when  it  comes  to  mathematics. 


strongly 
disagree 


strongly 
agree 

SECTION  2 


agree       mildly        neutral         mildly      disagree        strongly 
agree  disagree  disagree 


1 .  Mathematics  is  a  subject  I  enjoy  doing. 

strongly  agree       mildly        neutral         mildly      disagree 

agree  agree  disagree 

2.  Having  to  spend  a  lot  of  time  on  a  mathematics  problem  frustrates  me. 


strongly 
disagree 


strongly           agree       mildly        neutral         mildly      disagree  strongly 

agree                             agree                            disagree  disagree 

I  don't  understand  how  some  people  can  get  so  enthusiastic  about  doing 
mathematics. 

strongly           agree       mildly        neutral         mildly      disagree  strongly 

agree                            agree                           disagree  disagree 

I  can  become  completely  absorbed  doing  mathematics  problems. 

strongly           agree       mildly        neutral         mildly      disagree  strongly 

agree                            agree                           disagree  disagree 

If  something  about  mathematics  puzzles  me,  I  would  rather  someone  give  me  the 
answer  than  have  to  work  it  out  myself. 

strongly           agree       mildly        neutral         mildly      disagree  strongly 

agree                            agree                           disagree  disagree 

I  like  to  stick  at  a  mathematics  problem  until  I  get  it  done. 

strongly           agree       mildly        neutral         mildly      disagree  strongly 

agree                            agree                           disagree  disagree 


165 

7.  The  challenge  of  understanding  mathematics  does  not  appeal  to  me. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

8.  If  something  about  mathematics  puzzles  me,  I  find  myself  thinking  about  it 
afterwards. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

SECTION  3 

1 .  As  a  male/female  (circle  the  one  that  applies),  I  feel  disadvantaged  in  having  to 
use  a  graphing  calculator. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

2.  I  have  a  lot  of  self-confidence  in  using  a  graphing  calculator. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

3.  I  feel  more  confident  of  my  answers  with  a  graphing  calculator  to  help  me. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

4.  If  a  graphing  calculator  procedure  I  am  using  goes  wrong,  I  panic. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

5.  I  feel  nervous  when  I  have  to  learn  new  procedures  on  a  graphing  calculator. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

6.  I  am  confident  that  I  can  master  any  graphing  calculator  procedure  that  is  needed 
for  my  course. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 
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7.  I  don't  trust  myself  to  get  the  right  answers  using  a  graphing  calculator. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

8.  If  I  make  a  mistake  when  using  a  graphing  calculator,  I  am  usually  able  to  work 
out  what  to  do  for  myself. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

SECTION  4 

1 .  If  I  can  avoid  using  a  graphing  calculator,  I  will. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

2.  The  way  graphing  calculators  force  you  to  follow  a  procedure  annoys  me. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

3.  I  will  work  on  a  graphing  calculator  for  long  periods  of  time  to  successfully 
complete  a  task. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

4.  I  enjoy  thinking  up  new  ideas  and  examples  to  try  out  on  a  graphing  calculator. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

5.  Using  a  graphing  calculator  makes  learning  more  enjoyable. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

6.  I  like  the  freedom  to  experiment  that  is  provided  by  a  graphing  calculator. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 
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7.       I  don't  understand  how  some  people  can  get  so  involved  with  graphing 
calculators. 


strongly           agree       mildly        neutral         mildly      disagree 
agree                            agree                           disagree 

strongly 
disagree 

Using  a  graphing  calculator  makes  me  mentally  lazy. 

strongly           agree       mildly        neutral         mildly      disagree 
agree                             agree                            disagree 

strongly 
disagree 

SECTION  5 

1 .  The  graphing  calculator  helps  me  to  learn  mathematics  better. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

2.  I  find  it  difficult  to  transfer  understanding  of  mathematics  from  a  graphing 
calculator  screen  to  my  head. 


strongly 

agree 

mildly 

neutral 

mildly      disagree 

strongly 

agree 

agree 

disagree 

disagree 

By  looking  after  messy  calculations,  graphing  calculators  make  it  easier  to  learn 
essential  mathematics  ideas. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

When  working  on  the  graphing  calculator,  I  tend  to  gloss  over  the  details  of  the 
mathematics. 


trongly 

agree 

mildly 

neutral 

mildly      disagree 

strongly 

agree 

agree 

disagree 

disagree 

5.        I  find  it  helpful  to  write  notes  about  mathematical  ideas  when  using  the  graphing 
calculator. 


strongly 

agree 

mildly 

neutral 

mildly      disagree 

strongly 

agree 

agree 

disagree 

disagree 
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6.  Since  I  have  a  graphing  calculator,  I  do  not  need  to  understand  how  to  graph  using 
my  head. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

7.  Using  the  graphing  calculator  takes  my  attention  away  from  the  mathematics. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

8.  Graphing  calculators  help  me  to  link  knowledge  in  mathematics  e.g.  the  shapes  of 
graphs  and  their  equations. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

SECTION  6 

1 .  I  find  working  through  mathematics  examples  less  effective  than  memorizing 
given  material. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

2.  I  find  it  helpful  to  test  mathematics  understanding  by  attempting  exercises  and 
problems. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

3 .  When  studying  mathematics,  I  try  to  link  new  ideas  to  knowledge  I  already  have. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

4.  When  learning  new  mathematical  material,  I  make  notes  to  help  me  understand 
and  remember. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 

5.  I  like  to  study  mathematics  topics  all  at  once  rather  than  space  out  my  study. 

strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 
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6.        I  don't  usually  make  time  to  check  my  own  mathematics  work  to  find  and  correct 


errors. 


strongly  agree       mildly        neutral         mildly      disagree        strongly 

agree  agree  disagree  disagree 


All  items  were  modified  from  the  original  computer  items  to  reflect  calculator  use. 
Reprinted,  after  modifications,  from  Galbraith  and  Haines  (2000).  Mathematics- 
computing  attitude  scales.  Monographs  in  Continuing  Education,  January  2000  (pp^38- 
40).  London:  Department  of  Continuing  Education,  City  University.  Reprinted  with 
permission  of  the  authors.  Copyright  ©  2000 


APPENDIX  E 
STUDENT  QUESTIONNAIRE 

Please  fill  out  as  completely  as  possible.  Simply  be  honest  with  your  responses. 
Your  responses  to  this  questionnaire  will  have  no  impact  on  your  grade  in  this  course. 

1.  Student  Number  (SSN) 

2.  Age . 

3.  Sex  (check  one)     Male  Female 

4.  Race  (check  one) 

African  American/Black 

Asian/Pacific  Islander 

Caucasian/White 

_Hispanic 

Native  American/ American  Indian 
Other:  Please  specify 


5.   Marital  Status  (check  one) 

Never  Married 

Married 

Divorced,  Widowed,  Separated 

6                     Math  S.A.T.  Score 

Verbal  S.A.T.  Sec 

7.    Please  check  all  statements  below  that  apply  to  you: 

J  successfully  completed  two  years  of  high  school  algebra. 
I  successfully  completed  one  year  of  high  school  geometry. 
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_I  successfully  completed  four  years  of  high  school  mathematics. 


8.  How  many  times  have  you  taken  college  algebra  prior  to  this  course? 
None  1  2  or  more 

9.  What  is  your  current  college  grade  point  average? 


10.  Have  you  used  a  graphing  calculator  prior  to  taking  this  course? 
Yes  No 

If  yes,  what  type  of  graphing  calculator  did  you  use? 
TI-82  TI-83  Other 

1 1 .  Have  you  used  a  computer  prior  to  taking  this  course? 
Yes  No 

If  yes,  what  type  of  computer  did  you  use? 

Mac  IBM-Compatible  with  Windows 

Other:  Please  specify 


12. 1  chose  to  take  this  section  of  algebra  instead  of  another  section  of  algebra  because: 

It  fit  my  schedule  best. 

I  want  to  learn  math  using  the  computer. 

It's  the  only  algebra  class  that  I  could  get  in. 

Other:  Please  specify 

For  the  following  statements,  please  circle  one  response. 

1 .    When  I  am  working  on  math,  I  like  to  see  problems  that  are  already  worked  out. 
Strongly  Disagree      Disagree      Undecided       Agree         Strongly  Agree 
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2.  When  I  am  learning  something  new  in  math,  sometimes  I  like  to  go  over  it  more  than 

once. 

Strongly  Disagree      Disagree      Undecided       Agree         Strongly  Agree 

3 .  When  I  am  learning  something  new  in  math,  I  like  to  do  lots  of  practice  problems  to 

help  me  learn  it. 

Strongly  Disagree      Disagree      Undecided       Agree         Strongly  Agree 

4.  When  I  am  learning  something  new  in  math,  I  like  to  see  diagrams  and  graphs  to  help 
me  understand  better. 

Strongly  Disagree      Disagree      Undecided       Agree         Strongly  Agree 

5.  When  you  are  learning  a  new  subject  in  college,  how  much  information  about  the 

subject  do  you  like? 

A  lot  Quite  a  bit  A  little  Almost  none 

6.  When  you  are  learning  a  new  subject  in  college,  how  much  hands-on  practice  do  you 

like? 

A  lot  Quite  a  bit  A  little  Almost  none 

7.  When  you  are  learning  a  new  subject  on  your  own,  how  much  information  about  it  do 

you  like? 

A  lot  Quite  a  bit  A  little  Almost  none 


Items  1-7  on  this  page  were  reprinted  from  Hannafin  and  Scott  (1998).  Identifying  critical 
learner  traits  in  a  dynamic  computer-based  geometry  program.  Journal  of  Educational 
Research,  92(1),  3-12.  Reprinted  with  permission  of  the  Helen  Dwight  Reid  Educational 
Foundation.  Published  by  Heldref  Publications,  1319  18th  Street,  NW,  Washington,  DC 
20036-1802.  Copyright©  1998. 


APPENDIX  F 
COLLEGE  ALGEBRA  TOPICAL  OUTLINE 


The  topical  outline  below  summarizes  the  topics  included  in  college  algebra.  The 
topics  are  listed  by  category,  not  in  the  order  in  which  they  were  taught. 

1 .  Review  exponents,  radicals,  polynomials,  factoring,  rational  expressions,  distance 
formula,  midpoint  formula,  and  complex  numbers. 

2.  Solve  the  following  types  of  equations:  linear,  absolute  value,  quadratic,  higher 
degree  polynomial,  radical,  rational  expression,  rational  exponents,  exponential,  and 

logarithmic. 

3.  Solve  the  following  types  of  inequalities:  linear,  quadratic,  absolute  value,  higher 

degree  polynomial,  and  rational  expression. 

4.  Solve  linear  systems  of  equations. 

5.  Definition  of  function,  domain,  range,  functional  notation  f(x),  and  vertical  line  test. 

6.  Graphs  of  functions  including  zeros,  intercepts,  asymptotes,  end  behavior  of 
polynomials,  and  transformations  of  graphs  (graph  shifting). 

7.  Linear  functions,  quadratic  functions,  combinations  of  functions,  inverse  functions, 
higher  degree  polynomial  functions,  rational  functions,  exponential  functions,  and 

logarithmic  functions. 

8.  Applications:  simple  interest,  compound  interest,  mixture,  exponential  growth/decay. 
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APPENDIX  G 
TEXAS  INSTRUMENTS  TI-83  GRAPHING  CALCULATOR  FEATURES 


The  following  keys  relate  to  the  algebraic  and  graphical  representations  of 

functions: 

1     Y=  Key  -  is  used  to  enter  the  algebraic  representation  of  a  function. 

2.  Window  Key  -  is  used  to  set  the  desired  domain  and  range  for  the  viewing 
rectangle  of  the  graph. 

3.  Graph  Key  -  is  used  to  display  the  graph  after  the  algebraic  representation  has 
been  entered,  and  after  the  viewing  rectangle  (domain/range)  has  been  set.  If 
a  viewing  rectangle  is  not  entered,  then  the  last  viewing  rectangle  that  was 
entered  is  used  to  display  the  graph. 

4.  Trace  Key  -  is  used  in  combination  with  the  arrow  keys  to  move  a  cursor 
along  the  graph.  The  coordinates  of  the  plotted  point  (x,y)  on  the  graph 
located  at  the  position  of  the  cursor  are  displayed  below  the  graph  as  the  trace 
arrow  keys  are  pressed  down. 

5.  Zoom  Key  -  provides  several  graphing-related  options.  Of  interest  in  this 
research  study  are  the  ZBox  and  Zstandard  options,  which  set/modify  the 
viewing  rectangle  (domain/range).  The  Zbox  option  is  used  while  a  graph  is 
displayed.  By  pressing  the  Zoom  key  and  choosing  the  Zbox  option,  one  can 
zoom  out  to  increase  the  viewing  rectangle  values  (domain/range)  or  one  can 
zoom  in  to  decrease  the  viewing  rectangle  values.  By  pressing  the  Zoom  key 
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and  choosing  the  Zstandard  option  after  entering  the  algebraic  representation, 
the  graph  of  the  function  is  displayed  on  the  preset  viewing  rectangle  with  -10 
<  x  <  10  and  -10  <  y  <  10.  When  the  Zstandard  option  is  used,  neither  the 
Window  Key  nor  the  Graph  Key  must  be  used  to  display  the  graph. 
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